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PREFACE 


This book is intended to present a complete course of 
Intermediate Co-ordinate Geometry according to the revised 
syllabus of the Punjab University for Intermediate Classes 
in Co-ordinate Geometry. 

The authors do not claim any originality about the subject 
matter but have tried to put the subject in a most presentable 
form in the light of their long teaching experience. 

The book has been thoroughly revised. Answers have been 
checked. A set of Miscellaneous examples has been added at 
the end of the book for good students. The authors hope that 
the book will meet the need of all types of students particularly 
the average student. A new' chapter on Hyperbola has been 
added at the end of the book. 

The authors acknowledge their indebtedness to several 
standard books on Co-ordinate Geometry which were freely 
consulted during the preparation of the book. Suggestions 
and criticisms for improvement of the book from fellow 
teachers will be most cordially received. 


Ambala Cantt. 
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PREFACE TO THE THIRD EDITION 

The whole book has been thoroughly reyised for this edition. 
The chapters third to sixth have been entirely re-written. It 

is hoped that in its present form the book will prove more 
useful. 

The present edition has been printed very carefully and 
it is hoped that there will be very few errors. 
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CHAPTER I 


CO ORDINATES 

1 1. Co-ordinate Geometry is a method of proving 
geometrical theorems by algebraical processes. If we limit our 
-considerations to the study of figures in a plane, the position of 
a point is determined by its distances from two fixed lines in the 
plane. These distances can be measured numerically in terms 
of a given unit or may be denoted by algebraical symbols 
called the co-ordinates of the point. 

1.2. Cartesian Co-ordinates. Let X'OX and Y'OY be 
two fixed straight lines at right angles to one another. X'OX 
is drawn from left to right and Y'OY upwards. These are 
called Co-ordinate axes. 

The point O is called the origin of co ordinates or simply 
the origin. 

The position of any point 
P in the plane of paper is 
determined by the distances 
MP and NP from the axes. 

These distances are called the 
co-ordinates of the point P. 

ON the distance of P, from 
OY parallel to OX is called the 
abscissa or x co-ordinate of P 
-and is denoted by x. NP the dis- 
tance of P, from OX parallel to 
OY is called the ordinate or Y co-ordinate of P and is denoted 
by y . If the co-ordinates of a point P are l and m units respec- 
tively, then at the .point P, x=l and y=b. The point P in this 
case is briefly referred to as the point (Z, m), Z being the abcissa 
and m the ordinate of the point. The co-ordinates are called 
Cartesian after the French mathematician Rene Descartes 
(1596 — 1650) who used them in his treatise on Geometry (1637). 
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1.21. Signs of Cartesian Co-ordinates. The straight lines 

^ X'OX and Y'OY divide the plane 

~ into four parts. Each part is 

called a quadrant. The quadrants 

XOY, YOX\ X'OY' and Y'OX are 
respectively called the first, second, 
third and fourth quadrants. 

x Since the distances measured 

along or parallel to OX and OY 
FOURTH are considered positive and those 

measured along or; parallel to OX" 
and OY' are considered negative it 
follows that ; 

(/) for a point in the first quadrant both the abscissa and 
the ordinate are positive ; {??*) for a point in the. second 

quadrant, the iheissa is negative and the ordinate \s positive , 

(Hi) fora point in the third quadrant botli the abscissa 
and the ordinate are negative; and 

(ir) for a point in the fourth quadrant the abscissa is 
positive and the ordinate negative. 


It should be noted that 
determines the quadrant in which 
( — 2, :>) lies in the second 



'h 


sign of the co-ordinates 
a point lies. Thus a point 
and (2, —3) lies in the 


fourth. 

1.22. Plotting of Points. To plot a point whose co- 
ordinates are (I. m) the following method is followed : 

Taken number of units equal to l along OX or OX 
accordin'' as / is positive or negative and then front the 
point so determined measure off a number of units equal to 

piirallel to Y-ax's in the direction of 0\ or OX according 
as is posit ivo or negatixe. 

It should he remembered that the co-ordinates of the 
oriuin are (n. <•)'. the ordinate of any point on .r-axts is zero; 

and the abscissa of any point on >/- axis is zero. • 
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■ Exercise' t (a) 

... , Plot the following points.: , : c"’ 

(3, 7); (-4,5) ; (2, 0) ; (0,-7); (-4, -5); (-6,0). 

v ... 2 Construct the quadrilateral whose vertices are - , ; 

(•:v. VA ■ 1 (2, 5) : (7, 0) ; (-5, 0) ; (-4, —7) 

3. The sides of a -right-angled triangle are a and b. 

Taking 1 these sides as the axes of co-ordinates, find the 

-- 1 ^ * 

co-ordinates of the vertices. 

m 4 i * ** _ * * * 

1.3. Distance between two given points. 

' Let P(.r x y x ) and Q{x 2 y 2 ) be the two given points. Draw 
PM and QN perpendi- 
culars to OX and PR 
perpendicular to NQ. 

Now OM = ^, 

MP=w l5 ON =.i*o and : 

NQ = */ 2 

From the right-angled 

A PHQ 

we have PQ 2 = PR 2 + RQ 2 

But PR=MN = ON - OM 

# * 

— , 'v , ^ 

and RQ=NQ-NR 

=y«—yi 

pq 2 =(x 2 — .r, y+d/i—yi) 2 

or PQ=.v/ (x 2 — a-qP+^-y,) 2 M 

# 

Cor. The distance of the point Q (.r 2 . y 2 ) from the origin 
0 (0, ; 0) is obtained by ! putting ^, = 0 and y x = 0 in the above 

formula and is \/ x 2 + y 2 . ■ ■ 

Note. It must be remembered that the formidae of 
co-ordinate geometry are all general. They hold true for 
points situated in any quadrant provided that the proper 
. signs are alwavs affixed to the numerical values of the 

y ■ , ^ , y , » 

co-ordinates when they are introduced. 

‘VJj f \ , , / t r) . [ii K i ^ ; ;t M n : <■ \ ' r ^ t ; \ } \ , . , > • ^ 

Example 1. Find the distance , between the points ( — 1, 3)„ 

(-7,-5).. . v ' 



t 
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The required distance = v { — 1- 

= v'36+64 

Example 2 . Show that the points 
3, 1) are the vertices of a square. 


(-?)}*+ {3-(-5) . 2 
10 . 

(0,-2), (3,1), (0,4) and 

(P.U. 1936) 



Plctting the points roughly 
we see that the vertices are : 

A(0,-2) ; B (3, 1) ; C(0, 4) ; 
D(-3, 1). 

Now 

AB = " 


/ (0 


3)*+(-2-l) 


= v/J8 

AC = \/(;t — 0) 2 +(l — 4) 2 

= v"18 

CD = V {_0 - ( - 3t p+ 

(4-1)* = V18 


Also 

But 


AB— BC=CD=DA. 

AC 2 = (0— 0) 2 + (-2— 4) 2 =3G. 
AB 2 +BC 2 =18+18 = 36. 


Hence 


= AB 2 +BC 2 
Z ABC = 90 
ABCD is a square. 


Exercise I (b) 


1. Find the distance between the following pairs of 
points :■ 

(i) (—2, 1) and ( — 6, —2) (u) (1. —1) and ( — 2, 1) 

(Hi) (3, 4) and (2. —2) (ir) (a, b) and (—6, a) 

(v) (a+b), (r + a) and (c + a, b + c) 

(vi) (a cos a, a sin a) and (a cos f3, (a sin (3,) 

2. Show that the points (3. 0), (6, 4) and ( — 1, 3) are the 

vertices of a right-angled triangle. 

3. Show that the point (2, —1) is equidistant from the 
three points (2, 4), (5, 3) and 6, 2). 
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4. Show that the four points (5, 2) (3, 7), ( — 1, 4) and 
(1,-1) taken in order are the angular points of a parallelogram. 

5. Prove that the points ( — 1, 0), (0, 3), (3, 2) and (2, — 1) 
are at the corners of a square. 

6 Prove that the points (0, — 1) ; (2, 1) ; (0, 3) and 

( — 2, 1) are the vertices of a square. (P. U . 1944) 

7. Show that the points ( — 3, 4), ( — 2, 0), (1, 5) are 

equidistant from the point (— -§). 

8. If the point {x, y) is equidistant from the points 
(2, 3) and (3, 2) prove that x~y, 

9. If the point ( x , y) is at a distance 5 from the point 
(2, 3) show that 

x 2 -\-y 2 — 4x — 6y — 1 2 — 0. 

10. If the distance of the point ( x , y) from (a t o) be 
(a~ \-x), prove that y 2 =4ax. 

1*4. . To find the co-ordinates of a point which divides the 
line joining two given points in a given ratio infernally 

Let P (x^) and Q (x 2 y 2 ) be 
the given points and let R (x, y) 
be the point wh i c h divides PQ 
internally in the ratio m : n. 

Draw PL, QM and RN 

perpendiculars to OX and HRK 

|) to OX meeting LP produced in 
H and MQ. in K as in the figure. 

The triangles PRH and QRK 
are similar. O L N M 



* 

HR 

PH _ 

PR ni 



* * 

RK 

i\Q 

RQ 

* 

n 


New HR 

= ON 

— OL= 

-x — x x 

RK 

= OM- 

- ON — x 2 

PH= 

=NR 

— LP= 

M 

i 

Sl 

i 1 

KQ= 

=MQ- 

-NR=2/ 2 

. X - 

* * 

• r i _ 

y-y i 

in 




X 2 - 

-X 

Vz—y 

n 

t 



/. nx- 

- nxj = 

-mxo - 

- mx 




x{rrt-\-n)z 

= mx 2 + nx x 





H (3C^)R 





K 
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mxo+nxi 

or x= — — — ; v 

m+n y 


my 2 ~r nyi 
m+n. 


i * 


Cor. The co-ordinates of the middle point of P,Q are 


iq + x.> 


* _ IVI j iVi) 

given by x= — ' ; ?/ = 


y, -f ?/, 


\ ^ — 

1 . 41 . Tc k find the co-ordinates of the point which divides 
the line joining two given points externally in a given ratio. 

Let P (.T|, y x ) and 
Q ( .r 2 , y 2 ) be the two 
given points. 


H 


O 


— 


a 

i ,y 2 ) 

(V y i> 







N 


Let R (.r, 

y ) be 

the required 

point 

which divides 

PQ 

externally in the 

ratio 

7tl ; n. 


Draw PL, 

QM 


and RX perpendicu- 
lars to OX. Through 
R draw RKH parallel 
to OX meeting MQ and LP (both produced) in K and H 
respecti vely. i - 


From similar triangles PRH and 

HR _ PR _ m 
p KR QR n 

But HR~ LX— OX — OL=.r— aq 
K R - M N = ON - OM - r - x , 





we 


* * 


X — x 1 


•r y 


ni 

u 


t.C. 71 X 

or x(m 


♦Similarly v= 


nx 1 — nix — mx 2 
x) = nix 2 — nx 1 

wx 2 - nx 
vi - a 

my 2 — ny x 
m — n 
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Note.— The formulae for external. ?£; Eternal 

^vision by changing » into -», for in this case, PR and RQ he 

Plt m 

in the opposite directions and ~pQ __ n 

Example 1. Find the co-ordinates af a point which d ™ides 
the line joining the points ( — 2, —5) and (6 9) M aternally in 
ihe ratio 2:3; (ii) externally in the ratio 3:1. 

Let (x, y) be the co ordinates of the point of division. ; 

( 

Then 


(i) x 


y 



6 - 3 


„\ the required point is ( ? > f 


<-2,-5; 



- Jgtg ) (H) * 


3x6 


l(-2) 


3 — 1 


y 


27 - 1(- 
3— i 


5). 


20 

2 

32 

O 


10 


16 


the required point is (10, 16). 


Example 2. Find the co-ordinates of the middle point of 
the line joining the points ( — 2, —5) and (6, 9). 


If (x, y) be the middle point. 



the middle point is (2, 2). 

Example 3. In what ratio does the point l x 7 ~, - 7 ~) divide ^ the 
line joining the point ( 1 , 3) and (2, 7) ? 
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Let the required ratio be 





(W 


m i : m 2 

• 10 2w,+m 0 

. - = — 

7 


m l +m 2 
or 10m 1 + 10w 2 = 

or 4m 1 = 3w.. • 3=. 3 

w 2 4 

Hence the required ratio is 3 : 4. 

Example 4- To show that the medians of a trianqle are con - 
current. * 


Let the vertices of the triangles 

// 2 ) ? f (^3? 2/3)* 


Let T) be the middle 
point of BO so that its co- 
ordinates are, 

( *2 + *r 3 ?/ 2 +z/ 3 n \ 

V 2 2 ) 


ABC be A (x r 
ACxt->yO 


Vl)r 



B Lxi,y 2) D 


If G(.r, y) is any point on AD such that AG 
we have 


C 


GD=2: 1, 


2(.r 2 4-.T 3 ) 


* » 


X — 


i.e .1 


2+ 1 

•*'! + .< - 2 -f- r. 

3 


Ml*,) 

, z/= r 


y= 


2+1 

*/l + .fo + 1/3 

3 


We observe that the co-ordinates of the point G, which 
divides the median AD in the ratio 2 : 1, are symmetrical in 
the co-ordinates of the vertices of the triangle (i.e., remain 
unchanged if .r l is changed into .r 2 , ,r 2 to .r 3 and x 3 to x 1 and 
similarly about the three y's). This shows that the co-ordinates 
of the points which divide the other two medians in the 
ratio 2 : 1 are the same as those of G, i.e. G lies on each 

i ■, 

median. 

Hence the three medians are concurrent. 

# 4i 
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Note . — The point G is called the centroid of the triangle and! 
its co-ordinates are 

Example 5. To shoiv that the ' internal bisectors oj the 
. 1 angles of a triangle are concurrent . (P.U. 1944) 

Let the vertices of the triangle ABC be A (x x> y x ), B(x‘ 2 , yf) r 
C (x 3i y z ) and let the 
lengths of the sides 
BC, CA, AB be a, 
b , c. Let AD, the 
bisector of the 


in D. 





From geometry we know that the bisector AD divides 
the base BC in the ratio of the sides AB and AC. 

. BP _ AB __ c 
DC AC ' b 

i.e,, ! D divides BC internally in the ratio c : b, 

% 

A the point D is 
z~+bx 2 cy 3 +bij 9 \ 

c+b J 


(c ^ 3 


V c+6 

Let the bisector of the angle B meet AD in the point I. 


Now 


DC 


i.e., 


BD 
DC+CD b 


b 

c 


or 


c 


BD 


* * 


BD = 


c 

ac 


or 


DC 

BD 

a 

BD 


1 = — 4-1 


b + c 


As tae bisector BI of the angle B divides the 
in the ratio of the sides AB and BD, we have 

AI BA c 6-J-c 


base AD 


ID BD 


ac 


a 


6 + c 


i.c., I divides AD internally in the ratio b~\~c \ a. 



\ 


co-ordinate geometry 


I 


110 


/. The point I is 

/y j cx^ + bxo . , , v 

(6 + c)(_A^y 2 - ) + a(x l ) 



(b — j— c ) — ci 



i.e.. 


ax y + bx 2 ~ J rcx z 
a, — !— b — f- c 


(’yi+by»+ c> JA 

) 


a -1* b-\-c 


The symmetry in the co-ordinates of the point I which is 
the point of intersection of the bisectors of the angles A and 
B, shows that the bisectors of the angles B and C meet in I, 
ix I lies on each bisector. * 

Hence the internal bisectors of the angles of a triangle are 


concurrent. 

Note:— The point I is 

and its co-ordinates are ( 


called the in* centre of the triangle 
ax! + — cx 3 ay^ + by 2 -rcy 3 \ 

arb+c a+b+c / 


Exercise I (c) 


1. Find the co-ordinates of the middle points of the line 
joining the points : 

(i) (2, 3) and (4, 5). ( i i ) (—4, —6) and (- 2, 0). (iii) 
c-r-d) and ( a—b , c—d). 


(P.U. 1937) 
5 ), ( - 3 ,— 6 ). 


2. (»') The vertices of a triangle are! 2. 3), (4,.- 
Find the lengths of the medians. 

(ii) A line is bisected at the origin and one end of. the 
line is (a-v i/ l ). Find the co-ordinates of the other end, 

(in) The points (-2, 0). (4, 1), (1, 4) are the mid-points 
of the sides of a triangle. What are the co-ordinates of the 


vertices. 

3. Find the co-ordinates of the point which divides the 
line joining the points : 

(i) (3, 4) and (1, 2) internally in the ratio of 2 : 3. 

(ii) (5, - 21 and (3, — 6) internally in the ratio of 1 : 3. 

_l) and (2, 7) internally in the. ratio of 3 : 5.* 
,(i v) (-5,0) and (-1, -3) externally in the ratio of 4 : 3 

(v) (4, 5) and ( — 3, —4) externally in the ratio of '7 : 1. 


CO-ORDINATES 


11 


4. Find the ratio in which the line joining the points : 

(i) (5, 7) and ( — 1, 3) is divided (a) the x-axis (b) the 
y axis. 

(ii) (-3, +5) and (4, —9) is divided by the point (-2, 3). 

5 The line joining (2, 3) and (4, —5) is trisected > find 
the co-ordinates of the point of trisection nearest the former 

point. > ^ . 

" 61 Find the co-ordinates of the points that divide the line 

joining the points ( — 35, —20) and (5, -10) into four equa 

parts. 

■ 7. Find the co ordinates of the centroid of the triangle 

whose vertices are : 

" ( i ) (3, — 5); ( — 7, 4); (10, -2.). Su P-) 

(ii) (4, 2) ; (4, 5) ; C 2, 2). 

(Hi) (8, 3) ; ( — 2, 3) ; (4, —5), _ ... 

8. Find the co-ordinates of the in-centre of the triangle 

• j ' ' ' ' A i * % / * t • * • ^ | t t f 

whose vertices are : ” 

(i) (0, 0); (36, 15); (-20, 15). 

/(I, -2), (-2, 4); (3, -6). 

1:5. To find the area of a triangle whose vertices are given. 
Let A y\) j ^ 

C (x 3f y 3 ) be the vertices 
of’ the triangle. 

; Draw AL, BM, CN per- 
pendiculars to OX 

A ABC = trapezium 

ALNC + trap. CNMB — 
trap. ALSLB, 

But the area of a 
trapezium = 4 (sum of the 
parallel sides) X perpend i- 
<jular distance between . 
them. 

trap. ALNC=i(LA+NG)LN^-i(y 1 +j/ 3 ) (x 3 — xf), 
trap. CNMB = 1(NC + MB)NM = l(y 3 +y 2 ) (x 2 —x 3 ). 
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• trap. ALMB-l(LA+MB)LM=*( yi +y t ) {x t - Xl ), 

ABC = i { (i/j + t/j) (i ’ 3 - #j) + ( i/ 3 — |— ?/ 2 ) (x, - x 3 ) 

— (2/1 — 2 / 2 > (^0—^1) } ; 

or omitting the terms which cancel. 

A ABC 2 { (**12/2 *' x 2 y%) (^ 2^8 ^32/2) ( x $yi ~ x iy$) 

= 2 { ( x iU2 J r x 2y3 J r x syi)~(^2i/i+ x 3y2+ x iyz) } 

Cor. The area of the triangle formed by the points 
( x v 2 / 2 ); ( x 2 > 2 / 2 ) a nd (0, 0) is \ {ociy. } ~y x x 2 ). 

Notes: 1. The following is the working rule for putting 
down the area of a triangle whose vertices are cdven : ° 

G 


(1) Write down the co-ordinates of the. three vertices in order 
m two columns, abscissae in one, ordinates in the other, repeating 
the co ordinates of the first vertex. (2 Multiply the abscissa 
of each row with the ordinate of the next and add the products. 
T h i s gives .r x y 2 — x 2 y 3 + x 3 y , . (3) Multiply each ordinate by the 

abscissa of the next rmv and add the products. This givest 

+ •*+/»• (4) Subtract the result in (3) from the result 

in (2) and divide by 2. This gives us the required area. 


2. Sign of tbe area of a triangle. 

The ab ove expression for the area of a triangle gives a 
positive result if in passing round the perimeter of triangle 
in the order of the vertices A, B, C, the area is always on the 

description of the circuit 
ABC A is counterclock* 
wise (Fig. 1). 

If the area is on the 
right hand or if the order 
is clockwise (Fig. 2), the 
above expression gives a 
negative result. 


left hand or if the order of the 


C 



Fie. 1. 


Fh' 2 


Example. Find the area of the triangle uhose vertices are 

(3, 2 ): (5. 4); (-7, 3) 

A=*{3x4+5x3+f— 7)x2— 2x5— 4x(— 7)— 3x3} 

=4 { 12+15-14—10+28-9 } 
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1.51* Condition of collinearity of the points. 

The paints A (x ti n ), B (x 2 . y 2 ). C (x z , y 3 ) will be in one 

straight line if the area of the triangle ABC is zero. The 
‘Condition for this is 


x \ Vi x vlV\ 4 ~ x iy z — x %V c i~*' 

Example. Show that the points 
die in a straight line. 


x sV\ x iVs — 0 . 

(a. 0) ; ( 0 , b); (3a,~2b) 

( P.U . 1936 ) 


Area of the triangle formed by the 
three points 

=== 2 { && + 0-t~0 — 0 — 3ab 2ab 1 

= 0 , 

the three points he on a straight line. 


a 0 

0 b 

3 a — 2b 

a 0 


Exercise I (d) 

1. Find the area of the triangle whose vertices are : 

; ( 0 ( 0 . °). (2,6), (4,4) ; (it) ( 2,-6,) (2, S). (-2 0) • 

lr\w9 3 Y ~7 - 3) ’ (4, ~ 5) ; (iv) (3 > 6) > < 2 > 10 )- 3 ) ; (») (4, i) 

(0, 3), (2, 1) ; (vi) (aV, 2at!), (at 2 2 , 2at 2 ), (at 3 2 , 2at 3 ). 

2. Show that the following points are collinear : 

..... [~f’ ~ 5 )> - 1) > (6, 3) ; (ii) (1, 4), (3, —2), (-3, 16); 

irn) (2, 3) ( — 1, —2), (5, 8). ' 7 V 

3 ‘ J f ' <*» V) is any point on the line joining the points 

(7, 0) and (0, o) show that 



If (x y y) i s an y p 0 j n t on the line joining the points (2 5) 
and (5, 7) show that 2x~~ 3^4-11=0. 

/o 4f * fln ?/ a?, 1 ^ e >x iS i any P oint on the line joining the points 
(o, 4; and (—1, 2) show that x— 2y-|-5=0. * r 

ri,ht 6 ;nl r , 0 ? tha ^ tlle mid f e P° int of the hypotenuse of a 
right-angled triangle is equidistant from the vertices. 

(P.U. 1948) 




CHAPTER; II .■ 

a w # > mr V ' ,r ' Jf 

LOCUS AND ITS EQUATION 

2 1 Def- When 0 point moves in- a plane under some 
given geometrical condition, its path in the plane, .'is, calif d its 

locus - 

Thus, for example 

j j I* point moves so as to keep at a fixed distance fiom. 

a given point its locus is a circle. 

2. If a point moves so that its distances from two fixed 
points are always equal to one another, its locus is the light 
bisector of the straight line joining the two points. 

2 2. When a point traces out a locus under some given 
ceo metrical condition, there will be some algebraical relation 
Which is satisfied by the co-ordinates of all the points on the 
locus, and by the co-ordinates .of no other point. This algebiai- 
cal relation is called the equation of the locus- 

Converselv all points whose co-ordinates satisfy a given 
algebraical equation lie on a curve, which is called the locus 

of that equation. . ' 

It should he noted that a point lies upon a curve when and 
on I y a h e n its co-ordinates satisfy the equation of the locus. 

The co-ordinates of the moving point are generally denoted 
hv ( r. a) and are called the current co-ordinates. Thus the 
equation of the locus will involve .c. y and given quantities?. 

2 21 The following process has generally to .be -followed 

for finding the equation of the locus of a point moving under 
fi craven ireometrieal condition ‘ 

" first step. Assume that P (. r, y) is any point on the hens. 
Second step. Write down the given geometrical condition. 
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Third step. Express the condition algebraically and simplify 1 
the result. - The final equation , containing x } y, and the given 
quantities will be the required equation . * ' ' ■ 


Example 1- A point moves so that its distance from the 
x-qxis is 4 times 'its distance from the y-axis. \ bind the equation- 
of ' the locus. 


1. Let P (x, y ) be any point on the locus. 

2. If PM be drawn perpendicular from P to OX, the 
condition under which the, point P moves is MP — 4.0M. 

3. But MP —y and OM - x 

the required equation of the locus is 


> ' y—l:c. 

F.vfl ni plft 2* A point moves so that it is eqii , id%stcint f^om." 
points A ( — 4, 0 ) and B (2, 1). Find its locus’ 

1. Let P ( x , y ), be aiw point on the locus. 

2. The condition under which the point P moves is- 
PA — PB. 


3. Now PA = v/(x+4) 4 +y/- and PB^V (x — 2) 2 + (y— 1) 2 5 , 
Equating these, we have 

, ,■ / or (x + 4) 2 + y 2 = (x-~2) 2 + {y-* I) 2 , 

i.e. I2x j r 2y -f 1 1 =0, 

: ' : - which is the required equation of the locus. 

Example 3- A point mov-s so that its distance from the 
point A ( 4 . 3) is always equal to 5. Find the equation of the 
locus and show that it passes through the origin , 

4 P 

1. Let P (x; y ) be any point on the locus. 

2. The condition under which the point 

PA-5. - • 

l. ,3. But PA=v / (.r— ■ W+Ay. — 3.)* . 

/. V&-*) 2 + 1^7=5, 

;i or ;(,t— 4P+(y — 3) 2 =25, "• 

i.e., x 2j ry 2 —Sx — 6y~0 

ho f’ i !* « « I S - , , i ’ 1 • , . To V.- ' 


P moves is- 





* 
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which is the required equation of the locus. 

The co-ordinates of the origin are (0, 0). If we put ar=0 
and y = 0 in the L.H.S. of (1 ) the result is zero, which shows 
that the equation of the locus is satisfied by the co-ordinates 
of the origin. 

the origin lies on the locus represented by (1). 

Example 4* A jioint moves so that the sum of the squares 
of its distances from two fix 2 d points A (I, 0) and B (-1, 0) is 
constant and equal to 2a 2 ; find the equation of the locus. 

1. Let P (x. y) be any point on the locus. 

2 The condition under i which the point P moves is 
PA 2 -rPB 2 — 2a 2 ......(1) 

3. Now PA 2 =(x— and T > B 2 =(a:-f- 1) 2 +?/ 2 

(1) becomes (x— 1 ) 2 +^/ 2 + x+l) !! +i/ 2 =2a* ( 

or x 2 +y 2 — a 2 — 1, 

which is the required equation of the locus. 

Exercise II 


1. A point moves such that its distance from the point 
(3, 2) is 0 . Find its locus. 

2. Find the equation of the locus of a point which moves 
in such a way that 


(i) its distance from a-axis is equal to two times its 

distance from y-axis. _ ■ 

(ii) three times its distance from .r-axis is equal to four 

times its distance from y-axis. 

3. A point moves so that its distance from .r-axis is equal 

to its distance from the point (2, 3). Find the equation ot its 

locus. • _ . 

4 Find the locus of a point which moves so tha,t its 
distance from the point (3, 0) is three times its distance from 


(0, 3). , . , 

- p inc ] the equation of the locus of a point which moves 
so that 

(i) sum of the squares of its distances from (0, 3) and 
(2, 1) is always equal to 6. 
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(ii) the difference of the squares of its distances from the 
points (3, 0) and (—3, 0) is 7. 

(Hi) The sum of its distances from (ae, 0) and ( — ae, 0) is 
2a. (P. V. 1944) 

6. Find out which of the points (0, 0), (2, 1), (2, 0), 
(\/£>> 0), ( — 2, — 1) lie on the locus whose equation is 

'7. Show that the locus of the point whose distance from 



(— -ae, 0) is ( ex+a ) has the equation 


8. Show that for all values of 0, the point (a cos 0, 


71 * 

b sin 0) lies on the locus — 2 + “^ 2 * = 1 * 


9. When will the locus ax^-by + c — 0 pass through the 
origin. 

10. Find the co-ordinates of the points where the locus 
represented by x 2 -f-?/ 2 =9 cuts the axes of co-ordinates. 


CHAPTER III 


THE STRAIGHT LINE 

“ * 

3.1. Slope of a line. . The tangent of the angle which a 
straight line makes with the positive direction of x-axis is called its 

slope or gradient- 

The slope of a line is generally denoted by m. 

3.11. Let m 2 

be the slopes of two 
lines which are given to 
be parallel. Because the 
lines are parallel, their 
inclinations 0, and 0 2 
are equal, 

tan 0,= tan 0 2 
or m 1 —m 2 
Conversely if m 1 = rw 2 , 
then tan 0, — tan 0 2 . 

m \ 0 l= =0 2 (both lying between 0° and 180°) 

i.e., the two lines are parallel. 

The slopes of two parallel lines are equal and conversely . 

3.12. Let there be two 

lines perpendicular to each 
other. Let their inclinations 
be 6 V 0 2 and m v m 2 their 
slopes. 

Now 0,-90° 4-0 2 

or tan 0,—tan (90°+ 6 %) 

— — cot 0 2 

__ 1 O 

tan 0 2 

1 __ t 

or »!?, = — or 7/7, 7 ?? 2 — 

1 m o 

m 
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Conversely if m x 

tan 6 X 


m 2 

1 


cot 0 . 


tan 0 2 
=tan(90°+© 2 ) 

* . e x =90°+9 2 

which shows that the two lines are perpendicular to each other. 

Hence two lines are perpendicular to each other if the product 
of their slopes is equal to — 1 or if the slope of each is the nega- 
tive^reciprocal of the other . and conversely . 

3.13* Slope of the line joining; two points* 

Let the line joining P(x x , y x ) 

and Q(.r 2 > yf) make an angle 0 with 
a;- axis. 

Draw PL and QM perpendi- 
culars to OX. Draw PR perpendi- 
cular to QM. 

Let QP cut OX in K. 

^QPR=^QKX=e 

Also PR=LM=OM— OL 


x, 


'2 X 1 

BQ==MQ-MR=MQ-LP=y 2 _j /l 

Now in the right-angled triangle PRQ 

PR" X 



tan 6 


2—x 


fc.e., m 




a‘ i0 gi4n ° f the Une “ “-ordinate, of 

«»<* JwSjte mZ ’ r2£ ‘of ^ *<"’ *>• ° <*• 

Slope of AB= 8—2 6 


f> 

a 


Slope of BC 


11- 3 

12 — 8 
8-11 


8 4 
4 
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6—19 „A q 

Slope of 

Slope of DA = ®“"-=^- 

i.e., AB || DC and BC || AD 
Also AB _L BC 

This shows that ABCD is a rectangle. 



Exercise III (a) 

1. Show that the following sets of points are eollinear : 

(i) (2, 3), (-1, -2), (5, 8). 

(ii) (1,4), (3, -2), (-3, 16). 

2. Prove that the points (2, — 2), (5, 2), ( 2, 1) are the 

vertices of a right-angled triangle. 

3. F nd the slopes of ( i ) the medians, (ii) the altitudes 

of the ab ve triangle. 

4. Prove that in any triangle the line joining the mid- 
points of the sides is parallel to and half of the base. 

5. Find the slopes of the sides and diagonals of the quad- 

rilateral whose vertices are (1, 4), (2, —3), (8, 2), ( 3, 6). 

Different Forms of the Equation of a Straight Line 

/ * 

3 2. Straight lines parallel to the 

axes. Let PM be a straight line parallel 
to //-axis and cutting the axis of x in M. 

Such that OM-a. 

Let P(.r, y) be any point on the line. 

Then x — OM — a 


Cor 


x=a is the equation of the line. 
If a=-- 0, the line MP coincides 


O 


P 

C^V) 


M 


with the axis of //. 

Hence is the equation of 

y.axis. Similarly it can be shown that 
a straight line parallel to .r-axis is represented by y = b and 

that the equation of thfe r-axis is y = 0. 

3.21. To find the equation of a straight line which passes 
through the origin. < . . 
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Let QP be the straight line through 
0 which makes an angle a with OX. 
Take P(a\ y) any point on the line. 
Draw PM perpendicular to the 

a:- axis. 

From the triangle MOP, 


tan a= 7 


MP 


* * 


= y 

OM x 
y-=nX tan or is the equation of 



the line. 

Writing m for tan ct the equation of the lines becomes 

> y~wx. * 

3 22. To find the equation to a straight line which cuts off a 
given intercept on the axis of y and is inclined at a given angle 

to the axis of x. 

Let AB the given line, 

which cuts an intercept OQ = c 
on t/-axis and makes an angle 

a with OX. 

Take P(ir, y) any point on 
the line. Draw PM i to OX 
and QN parallel to OX to mee 

MP in N. 

Now Z.PQN=ZQAX = « 

From the A-PQN 





tan a 


NP MP - MN 


or 


or 


tan or 


y 


QN" 

y—t 


OM 


x 


-c=x tan a. 
y = x tan a 4- c 

is the equation of the straight line or 

y—mx-^c 
where m is the slope of the line. 

Cor. If c— 0 , the line passes through the origin. Hence 
the equation of aay line passing through the origin is y=mx. t 


...\i) 


y 
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callerH^** L J hls form °f the equation of a straight line is 
called the tangent or the slope form. ' 

gl Y lng s ^ n table values to m and c the equation 
-mot-\-c may be made to represent any straight line. 

3-23. To find the equation of a straight line which cuts off 

given intercepts a and b from the axes. JJ 

Let the straight line AB 
cut the axes at A and B such 
that OA=o and OB = 6. 

Take any point P ( x, y) 
on the straight line AB. 

Draw PM perpendiculai 
to OX. 

Now the triangles AMP 
and A OB are similar. 


* 

MA 

jjp 


* « 

OA = 

OB’ 


have 

MP= 

=y* 

OM 

* 

OA- 

OM 

MP 

* * 

0; 


“OB' 

* 

a — x 

V 


• • 

a 

b ’ 


or 

:+ 

y 

b 

1. 



x 


This is the required equation, for it is the relation that 
holds between the coordinates of any point on the line. 

This equation can be found in the following way also. 

The sum of the areas of the triangles OPB and OPA is 
equal to the area of the triangle AOB. 

lay-x-lbx—lab 


• * 


x y 
a+'b 


1 . 


Note. This form of the equation of the straight line is 
called the intercept form. 
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V vamole 1 Find the equation of a straight line which 

mates an angle of 60° with OX and cuts OY at a distance 7 units 

from 0 . 

Her© m — tan 60 = V 3 and c = 7 

the required equation is 

y=sj 3 # , , . , 

Fvamnle 2. Find the equation of a straight line which, 
passes through the point ( 4 , 5) and mates equal intercepts on 

axis . 

Let the intercepts be each equal to a. 

Then the equation of the straight line is 

-5-+JU* l 

a 1 a 

V the straight line passes through the point (4, 5) these 
co-ordinates must satisfy the equation. 

4 5 , 

• -j- 

* • a 


a 
or 

required equation is 

x 


V 

9 -+ "9 


or 


x+y=Q. 


o To find the equation to a straight line in terms of the 
lenqth of the perpendicular upon it from the origin and the 

* . * , . j: ^ ^ 7** & Am / h the anr.rA fit X * 


lX 3.24. 



Let ON be the perpendicular 
from O and let its length be p. 
Let oc be the angle that ON makes 

with OX. 

Let P be any point whose 
co-ordinates are (x, y) lying on 

AB. 

. - Draw PM perpendicular on 

OX. 

Then 

ON=OA cos a 
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(OM-f-MA) COS Ct 
OM cos tt-f-MA cos a. 


But 


MA 

MP 


tan 


ct 


* 

* * 


MA=MP tan a 


■* • 


ON-OM cos cl — f— ]\X P tan ct cos <x 
= OM cos a + MP sin a 

we have x cos a +y sin «= p. 

This is the required equation. 

Otherwise : — 

Let /_ XOP = 0. then 
x=OM=OP cos 0 
?/=MP — OP sin 0 
In the triangle ONP 
p — ON = OP cos (0 — a) 

— OP(cos 0 cos tt-f-sin 0 sin ot) 

.\ p~x cos ot -f- y sin a. 

Note 1. This form of the equa- 
tion ot the straight line is called the 
perpendicular or the normal form. 

2. In this form sum of the squares of the coefficients of 
x and y is equal to 1. 



Exercise III (b) 

1. Find the equation of a straight line. 

( i ) parallel to ar-axis and at a distance 7 units from it. 

(ii) parallel to ?/- axis and at a distance —7 units from 
it. 

2. Find the equation of a straight line parallel to .r-axis 
and passing through the point 

( i ) (4, 7) (it) (5, 11) (in) C h , k). 

3. Find the equation of a straight line which 

(i) cuts OY at a distance 4 from 0 and makes an angle 
of 135° with OX. 

(ii) cuts OY at a distance —6 from O and makes an 
angle of 120° with OX. 
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(Hi) passes through the point (2, 3) and makes an angle 
of 45° with OX. 

4. Find the equation of a straight line which 
(i) makes intercepts 5 and — 6 on the axes. 

(ii) passes through (4, 11) and makes equal intercepts on 
the axes. (P.U .) 

t 

{Hi) passes through the point (7, 3) and makes intercepts 
on the axes which are equal in magnitude but oppo- 
site in sign. 

m- 

5. Find the value of m and c so that the points (3, 7) and 

(~~2, 6) may lie on the line y-^mx~\-c. (P.U .) 

* 6. A straight line passes through the point (2, 3) and the 
portion of the line intercepted between the axes is bisected at 
the point ; find its equation. (P.6 7 .) 


7. Deduce from the equation — -|_~ 

a b 


1, the form x cos 


a+y sin a=p. (P.U. 1943) 

8. Deduce from the equation x cos sin a— p the 

form — = 

a 1 b 


3 3. General Equation of the First Degree in x and y. 

l^e have seen that the equations of the straight line 

that we have obtained so far are all of the first degree in x and 

y* the next article we propose to establish the converse 

theorem, namely that every equation of the first degree repre- 
sents a straight line. 

3.31. Every equation of the first degree Represents a straight 


The most general equation of the first degree is 

A.r-f-By-fC=0 **.(1) 

i V$) be any three points on the 

locus, then the co-ordinates of these will satisfy the equation (1) 

Hence Aa^ + B^-f-C^O .*.(2) 

Aa; 2 +By 2 +C=0 . • \..(3) 

Aojg-j-Byj-f C=0 “ •*•(4) 
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Subtracting ( 3 ) from ( 2 ) ; we have 

A 0 3 - x 2 ) + B (y ! — y 2 ) = 0 

or A(.t 3 B(y 1 2/2) •••(^) 

Similarly subtracting ( 4 ) from ( 3 ), we have 

A{x 2 — x 3 ) + B(y 2 — 2/3) = 0 

or A(.r 2 — x 3 ) — — B(y 2 — y 3 ) •*•(6) 

Dividing ( 5 ) by (6), we have 

x 1 —x 2 yi — y 3 
x 2 —x^7j 2 — y s 

or (#1 — x 2 ) (2/2 2/3) r ~ (*^2 ^3) ( 2 /i 2/2) 

o r x l y 2 H- x 2 y 3 -f - .r 3 y x 2/2^3 V 3 x i = ^ 

/. P, Q and R lie on a straight line. 

But P, Q and R are any three points on the locus represent- 
ed by ( 1 ). 

locus is a straight line. 

Hence Ax-f-Bi/ + C =0 represents a straight line. 

3 . 4 . In some of the previous articles, we have obtained 
the equation of a straight line satisfying different conditions in 

the following forms : 

(a) y —-mx-\- c, where tn is the slope of the line and c is the 
intercept it cuts off from y - axes ; 

< 4 > i+ 1 =h " here “ an<1 6 are tbe intercepts cut off 

bv the straight line from the axes of x and y respec- 

■/ ^ 

tivelv. 

v 

(c) x cos 0: + 1/ sin ft~^, where p is the length of the pei- 
pendicular from the origin on the straight line and^ a 
is the angle made by this perpendicular with the OX. 

Since Ax + By+C =0 always represents a -straight line it 
can be reduced to any of the above forms. 

3 , 41 . To reduce the equation AX -b By -{- 0=0 to the form 
y = tux -j - C. 

The equation Ax+By+C =0 may be written as 

By— — A.r— G 
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or 



This is of the same form as y~mx-\-c, the slope being — 

. „ C 

and the intercept on ^-axis* — -g-- 

Example, Rcdv.cc the equation 2x — 3y-\~7 = 0 to the slope 
form and find its slope and the intercept on the y-axis. 

The equation can be written as 

3 y == 2x -j“ 7 

or y ^%^ J r : k which is the slope form ; 

the slope being f and the intercept on y- axis 


3.42. 

cept form. 


To reduce the equation AX + BY+C—0 to the inter - 


We find that in the form — 4--? 

a 1 b 


1, the right-hand side is 


unity and left-hand side is the sum of two terms 

Now Aa;+By+C=0, oan be written as 

Ax+By=-C 


or 


C 


x 


x-\- 


B 


-C 


y 


c 


+ 


y 


c 


= i 


A 


B 


which is the intercept form, the intercepts on the co-ordinate 


C 


C 


axes being — t — and ^ 

A B 

Example. Transform the equation 
intercept form. 

Now 


3x-{-4y-{-9=0 to the 


3#+4y+9=0 can be written as 
3 = — 9 


or 




f 


<J Ipq 
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or 


X 


y 


o I 
1 1 


9 

4 


l, which is the intercept form, the in- 


9 


teroepts on the axes being —3 and 


3.4.3. Reduce the equation Ax-\-By-\-C — 0, to the 'per- 
pendicular form . 

The equation of the straight line in perpendicular form is 

x cos cl + ?/ sin a^p 

or x cos oc-\-y sin a — p — 0 ..,(1) 

If the equation 

AX + BY + C - 0 --.(2) 

also represents the same straight line 


cos a sin a 


P 


A 


B 


C 


or 


0 


A 


B 


p cos « sin a. \/cos 2 a -f sin 2 a 

* iv / A 2 +B ‘ 2 

1 

= rTVA a + B a 


B 


* * 


COS CIL — 


a n d 


P 


i A /A + B 2 ’ 
-C 

± a/ A 2 + B 2 


sin a 


Z V A2 + B 2 


Since ;> is always positive, the sign before the 
must be that which makes p positive. 

-C C 

Hence if C is positive p = ^ ^ A 2 + B 2 ^\/A 2 + B i! 

A 

and. therefore, cos cl — 


radical 


and 


- __^ A 2 + B 

B 

sin „ v / A 2_pB 2 
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* The given equation reduced to perpendicular form 

becomes _ 

— A B C 

A ...(3) 


VA*+B* 


=T * — 


VA 2 +B 2 

-C 


y 


VA 2 + B 2 


If C is negative p= ,/A 2 +B 2 


A 


and, therefore cos «= ,^ 2 X 52 


Mdsina= ^ 

Hence the given equation reduced to the perpendicular form 
becomes 


x -f- 


B 


C 


^/ A 2+B 2 ~ * \/A 2 -|-B 2 y 


...(4) 


Example. 


Transform the equations 
3a;+4«/-7 = 0 
12x-!-5«/+4=0, to the perpendicular form. 

(i) 3 ^ + 4?/— 7=0 

Here^C is negative, dividing by 4V A 2 +B 2 

i.e. 5 and transposing the constant term, we have 

fx+fy=i as the required equation. 

Now cos « = i> sin a = f and p~h 

■v 

(ii) 12x+5y+4=0 * 

Here C is positive, dividing by — v ^ a + ® 2 

i,e. — 13 a nd transposing the constant term, we have 

12 5 4 

y—— as the required equation. 


13 


x 


Now cos ot — 


12 


13 


sin a 


z 5 , _ 4 

13 and P 13 


Exercise HI (c) 


I. Reduce the following equations to the slope form : 
{%) 2x — 3^+2=0 (ii) 4x~j-5y — 1=0 
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(Hi) x cos ct-\-y sin a~p 


x x 

«+T 


1 


2. Reduce the following equations to intercept form : 

(i) 3.r — 4?/ + 24=0 (it) 5r— 3y-5=0 

(in) y~mn-\rC (iv) .tcos<z~|" 2/ sin a=p, 

3. Reduce the following equations to perpendicular form ; 

( i ) 3x+4y—5=0 (it) x+^3 y+l=0 

(Hi) y~mx-\-c (iv) \2x — 0 

4. Prove that the line y—x~ |-2=0 cuts the line joining 
(3, — 1) and (8, 9) in the ratio 2:3. 

[Let the ratio be 1 ; k . the coordinates of the point of 

. . / +3* 9-*\ 

division are 


1+i 1 +k 

But this ooint lies on the line x—y+ 2=0 

• 9— A_8-(-3fc , 2=0 or 3_ 2 jfc = o 


1 k 1-h k 


* * 


3 


5. 


In what ratio is the line joinining (1,1) and (3, 4) 
divided by 2a;-3y— 7=0 ? 

6. In what ratio is the line joining (1, 3) and (2, 7) divided 
by 3.r+y=9, 

Other Forms of the Equation of a Straight Line 

3 5 To find the aquation of a stvaight line passing thvougJi 
a given point and having a given slope . 

Let the slope of the straight line be m and let it pass 
through (aq, Vi)- 

The equation of a line with slope m can be written as 

y = ?nx-\-c • *••(!) 

where c is unknown. 

Since the line passes through (x u y x ), we have , 

y l = mx ) +c • 

Subtracting (2) from (1), we have 

y —y x =zm(x— x x ) as the required equation. 
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The above result can also be obtained in the following: 
manner : 


Let AB be the 
given line passing 
through the point 
Q,(x v y x ). Let it 
make an angle a 
with OX such that 
tan a=m. 

Take P ( x , y) 
any point on the 
line AB. Draw QM 
and PN perpendiculars 
meeting it in R. 



Now Z.PQR =ct 

•\ from the right angled triangle PQR, 

y—V\ 


tan a 


QR 


x — x 


1 


2 /=*/i=tan a (x+x{) 


or 2/ — — a:j) y tan a~m 

^3,51. To find the equation of a straight line passing through 
two given points (x l9 y x ) and (x z> y 2 ). 

Let the equation of the straight line be 

y—mx-^c 

Since the points (a^, y x ) and (a; 2) y 2 ) lie on (1) 


«/ 1 =w* 1 +c 

...(2) 

y 2 =mz 3 +c 

...(3) 

Subtracting (2) from (1) we get 


y—y 1 =m(x—x 1 ) 

...(4) 

Sutracting (3) from (2) we get 


yi~y2=m{x 1 ~x 2 ) 



Dividing (4) by (5), we have 


y~y i __ x—x 1 

y\ — yz~~ x i — * 2 . 
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°r 2/ — 2/1 


yi—y% 


X 


1 ^2 


2 (x — a^) is the required equation. 


Note. — — — is the slope of the line passing through 

x 1 — x 2 

y i) and (x 2 , y 2 ). 

The above result can also be obtained in the following 


manner : 



Let AB be the 
given line passing 
through Q(^ 2 > 2/2) anc * 
R(*i> 2/1). 

Take P(a\ y) any 
point on the line. 

Draw QL, RM, PN 
perpendiculars to OX 
and QS and RT per- 
pendiculars to MR and 
NP respective!} 7 . 


Now triangles PRT 
and RQS are similar. 

TP SR 
RT = QS 

But TP=NP-NT = 

R,T— MN 
SR = MR— MS 

qs=lm 

from (1) we have 
y — Hi _ If 1 I fa 

X — 1 ^ l 




NP— MR=r 

ON - OM = x - 

MR-LQ=3/i 

OM-OL=iv 


Vi 

Xi 

-y-z 

-Xo 


• * 


or 


!h-!/-z ( X - Xl ) is the required equation 
\j if 1 v* r 

A j A t> 


3 . 52 . To Jhi<l the equation of a st Jf^ lt ^ ^inith the x-axis 
„ giro, point //,) and making a given angle, 

in the form 


X- 

cos « 


Xi_y — 7 Ji-r. 


sin « 
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where r is the algebraical distance of any 
from the point (x l9 yf). 

Let AB be the given line passing 
(x ly y x ) and mak- 
ing an angle a with 
#-axis. 

Let P (x, y) be 
any point on the 
line, such that 

QP*=r. 

Draw QM and 
PN perpendiculars 
to OX and QR per- ' 
pendicular to NP. 


point fx y y) on the line 


' ( ' 


through the point Q 



Now 

QR 

=MN= 

ON— OM— 2 — 

and 

RP= 

=NP — 1 

SfR=NP— MQ= 

* 

Also from the right-angled triangle 



QR 

— QP cos a 

or 


X — Xx 

=r cos oc 

■ 


X — Xx 

—r 

• • 


cos a 

and 


RP= 

=QP sin a 

or 


li 

1 

~r sin a 

m 


i 

1 

1 

~r 



sin a 


Hence from (1) and (2) we have 


X — 

*i y— 

y.i r 


cos 

oc sin 

■ / 
a 


y—yv 

PQR 


...( 1 ) 


...( 2 ) 


Cor. Prom (1) and (2) we have 

z=x 1 ~f~r cos a 
and y—yi+r sin a 

These equations give us co-ordinates of any 
straight line in terms of r. 


point on the 
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These equations are therefore called the parametric equations 
of a straight line . 

F.vflTuplft 1. Find the equation of the straight line passing 
through the points ( 3 , 5) and ( — 2, 1 ). 

Now #1=3, ?/i— ^ 2 = ^ an( l 1 

the required equation is 


or 

or 
or 

Example 2. 


4x 


5 y 


y-o 

5-1 

x — 3 

~3+2 

y-5 

4 

x—3 

= 5 

r — 25 



12 


5y 


13 = 0. 


_ Find the distance of the point (3> 4) from the 

line 2x — y — 7 — 0 measured along a line making an angle of 45° 
with X-axis, 


The equation of a line passing through (3, 4) and making 
an angle of 45° with r-axis is 

x — 3 y ~ 4 

cos 45 — sin 45 


9 \ the co-ordinates of any point on the line are 



The value of r for which this point satisfies the equation 
2 x—y — 7=0 is the required distance. 


Now 

Or r 

6+ ^-4- ~ -7 = 0 

v 2 v z 

or 



r “5\/2. 


Exercise III (d) 


Find the equations to the straight lines passing through the 
following pairs of points 
1. (0, 0) and (2, —2). 
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2. ( — 1, 3) and (6, —7). 

3. (3, 5) and ( — 2, 1). 

4. (at x 2 , 2at x ) } and (a£ 2 2 , 2at z ) t 

5. (a cos <f> } a sin <f>) and (a cos 0, a sin 0). 

6. (a cos <f > , b sin </>) and (a cos 0, 6 sin 0). 

7. Find the equations to the sides of a triangle the co- 
ordinates of whose angular points are 

(1,4), (2, -3) and ( — 1, -2). 

8. Prove that the line joining (3, 5) and ( — 2, 7) bisects 
the line joining (7, 2) and (9, 4). 

9. Prove that the line through the two points (9, 3) and 
(15, —3) cuts off equal intercepts from the axes. 

In what ratio is the line joining the points (1, 2) and 
(4, 3) divided by the line joining (2, 3) and (4, 1). 

11. Find the co-ordinates of the points which are at a 
distance of 5 units from the point (3, 4) and lie on the lines 
4.r— 3y=0 : 

12. Prove that the three points ( — 1, — l) f (5, 7) and (8, 11) 

lie in a straight line. Find the intercepts which it makes on 
the axes. (P.J7. 1945) 

13. Interpret completely the equations 

(i) x=a ( ii ) y — b (Hi) y=mx . (P.U. 1944) 

14 t Find the equation of the line which makes equal inter- 
cepts on the axes and passes through the point (2, 3 ). 

(E.P.U. 1948) 

15. The part between the axes of a line passing through 
, (a, b) is bisected at that point. Find the equation of the 

line. 

16. A rectangle is bounded by the co-ordinate axes and the 
lines #=6, y— 8. Find the equations of the diagonals. 

17. Find the distance of the point (2, 3) from the line 
x+y+1^0, measured along a line making an angle of 45° with 
x-axis. 


CHAPTER IV 


THE STRAIGHT LINE — [Contd) 

V 4.1. Angle between two straight lines. 

Let AB and AC be the 
two given straight lines with 
inclinations a, /3 and their 
equations in slope form be 
?/ = tn 1 x-bc 1 and y—m 2 x-\~c 2 
respectively 

Then tan a=m 1 
and tan f3=m 2 
Let Q be the angle bet- 
ween the lines. 

Then © = <* — /? 

,\ tan 6= tan (a — / 8) 

tan « — tan /? 

A — j— tan a. tan ^ 

tti i — m 2 



or 


@ = tan 


I + 

m 1 — mm 


-1 


1 + m x m 


2 


t r rn l — m i 
Note. 1. The pos.tive value of 1+w -- 


gives 


the 


acute angle while the negative value, the obtuse angle. 
2. If tan 0=0, or 0=0 

... the two lines are parallel. 


7T 


3. 


If the m 1 «f 2 = ~ 1 > tan >c0 ’ 2 

. the two lines are perpendicular to each other. 

4 . 11 . II the equations of the two lines are 

«i£+&i2/+ c i = 0 
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and + b 2 y + c 2 — 0 

these can be written as 



»= 

% 

—6, ^ 

and 

v= 

a 9 

— c 9 

K 

so that 

m x = 

— Ui 

' h 


m<>- 

& 

a 2 
= h 

Now 

tan Q~ 

m x — rric, 

1 


or 


a 


a 


1 + 


1 + ^ 
b x + b 2 

ai 

h ‘ 


a 




d 2 bi 

a 1 a 2 +b 1 b 2 ' 
tail” 1 ? 2 - 1 “ a i^ 2 


The two lines are parallel if a 2 b 1 — a^b 2 —0 



i.e, if afi) 2 ~a<fi x or 

bi b 2 


the lines are perpendicular to each other if 

a 1 a 2 J rb 1 b 2 =0. 

4 . 12 . To find the equation of a straight line parallel to a 
given line . 


Let the equation of the given line be 


ax -{- by -J- c = 0* 


The slope of this line is 
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The slope of the || line is — * 

b 

Hence the required equation is 

a 

y=~~Y ^+ Cl 

or ax+by+k= 0 where k=~~bc 1 

Hence the equations of || lines differ only in the constant 
term. 


4.13. To find the equation of a straight line perpendicular 
to a given line . 


Let be the given line. 

Now a*x4-b<v 4- will be nernendi 


a 2 x-{-b<j/ c 2 =0 will be perpendicular to it if 

ff i a 2 +6i6 2 =0 


or 


• * 


W 


a 2 ~b x l 


- =1 
a i 

and b 2 


(say) 

: —afi 


Substituting these values of a 2 and b 2 we get 

Ib^-la^ 4- c 2 — 0 

or b x x — a 1 y J -k = 0 


where 


c 2 

l 


which is the required line. 

Rule : — Hence to find the equation of a line perpendicular to 

a given line 

(i) interchange the coefficients of x and y and change the 
sign of one of them , 

and (it ) change the constant term into any other constant . 


Ex. 1 


Find the angle between the lines 
2a;— y+o=0 and 2x+3y 

— 2 
~*3~ 


7=0 


Here 7^=2 and m 2 
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* 

• * 


If 9 is the angle between the lines 




/. the acute angle is tan 1 8. 

i 7 o. Find the equation of the straight line through (he 
point ( — 2, — 1) and parallel to the bne 3x+4y-\-7 = 0 t (1942) 

The equation of any line parallel to Zx+4y + l=Q is given 
by 3z+42/ + fc = 0 

The line passes through the point ( — 2, —1) 

— 6— 4+fc=0 h = 10 

/. the required line is 

3#+4y + 10=0. 

Ex. 3- Find the equation of a straight line through the point 
(4j 5)j perpendicular to the line 3x — 2y-\-5 —0. 

Any line perpendicular to the given line is given by 

2x+3y+k=0. 

The line passes through the point (4, 5) if 

S + 15 + *=0 or * = — 23. 

Substituting the value of k, we get 

2x+3y— 23=0 

which is the required equation. 

Ex. 4. Find the equations of the straight lines passing 
through the point (<3, — 2) and inclined at an angle of 60 to the 
line \/3.x-\-y—l. (1944) 

Let m be the slope of the required line. 

Slope of the given line= — \/3. 


Since the angle between the required line and the given 
line is 60°, hence 


tan 60°= ± 


w— (— \/3) 

1 — V3* m 


i 


* 
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or 


V‘3 


3 

1 - 


or m= 0 


or m=\/3 


2 ) 


— V 3m 

Taking the -fve sign, 

v'3 — 3771 = 771+^/3 

Taking the — ve sign, 

~ v '3 + 3m = m+v'3 

As the lines pass through (3, 
the required equations are 

y- f2 = 0 

and y + 2 = v 7 3 (x-3) 

? .€ . 3.x — y ~ =zz 2 +3^/ 3, 

Exercise IV (a) 

1. Find the angle between the straight lines 

(0 y V 3 - - x + 4 = 0 a nd x + 3y * - 3 = 0. 

.(it) ax~x-by~rc — ^ and (a+6)x — (a— b)y=0. 
(Hi) x cos oc -f y sin a = p and x cos /?-(-y sin /3 


V 


2. Find the angle between the two straight lines whose 
intercepts on the axes are a, b and a', b ' respectively. 


o 


Show that the lines y — 2x = 3 and 2?y=4x 


5 are 


arallel. 



4 . 


Find the equation of the straight line 
(i) passing through (2, 3), and parallel to 3x — 4?/4-5=0. 

(P.U.) 

(ii) passing through the point (1,1) and parallel to the 

line 4x+4?/ -j-7 = 0. ^ (1942) 

(Hi) passing through (x v y x ) and parallel to ax+by+c-=Q. 


o. 


Find the equation of the line 
(i) through the origin and perpendicular to 5x-f 12^+13 
=0. 


(it) through the point (x lt y x ) perpendicular 
Ax+Bv+c=0. 


(P.U.) 

to the line 

(P.U.) 
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6. Find the equation of the straight line through the point 
(x 1 , y 1 ) and perpendicular to x l y J r xy 1 =a 2 . 

7. Obtain the equation of a line 

(i) which passes through (h, k) and which is P er P®^ * 

cular to lx-\-my — 1=0 _ . 

(ii) which passes through the point (a, b) and is at ngh 

angles to the line px — qy—r—0. ( 

8. Find the equation of the right bisector of the line join- 
ing the points (3, —7) and ( — 1, 5). 

9. Find the equations of the altitudes of the triangle 

whose vertices are f5, 2), ( — 1, 1), (2, 7). 

10. Find the equations of the straight lines 

(i) through the point (4, 5) which make an acute angle 
of 45° with the line 2x~y+l= 0. i™ 46 ) 

(ii) through the point (h, k) making a given angle a 
with the straight line 


Intersection of straight lines 

Point of intersection of two given straight lines. 

Let the equations of the two lines be 

a 1 a:+6 1 y+c 1 = 0 •* (1) 

a t x J r b 2 y-r c 2 = 0 •*•(-) 

The point of intersection of two lines is common to both 
the lines. Hence its co-ordinates must satisfy both the equa- 
tions. Thus we have only to solve these simultaneous equations 

to find x and y. 

By cross- multiplication, we have 

x y _ 1 

61C2 — ^1^2 ^1^2 — ^1^2 ^1^2 — ^2^1 

X ~a 1 b 2 —aJh ’ y ~a 1 b 2 —aJ) 1 

This gives us the co ordinates of the point of intersection. 

Note. If a 1 b 2 —a 2 b 1 is zero, there is no finite point of 
intersection. Or we say that the two lines meet at infinity, 
i.e., they are parallel. 
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Example 1 . Find the point of intersection of the lines 

4.r— 6y = 24 and 3x+7y+ 5 = 0 
The tivo equations can be written as 

4.r — 6y— 24=0 ...(1) 

Sx+7y+5 -0 ...(2) 

By cross-multiplication 

__ * = V = _1 

— 30+168 —72—20 28+18 

i.e., a: — 3 and y= — 2 
the point of intersection is (3, — 2). 


Example 2. Find the area of the triangle formed hy the 
lines x+y = 0, y=x - f 6, and y= lx+5. (1941} 

The equations of the three sides are 


*+?/ = 0 ...(1) 

x—y^~ 6 = 0 .-.( 2 ) 

lx — y + 5~Q ***(3) 

Solving these equations simultaneously in pairs, we get 
( — 3, 3} as the point of intersection of (1) and (2), (-J-, ~ c z ) that 

of (2) and (3) and g°> g ") of (3) and (1). 


The se th ree points of intersection are the three vertices of 
the triangle whose area is to be calculated. 


• * 


the area of the triangle 

= 1 2 [^ 12/2 + ^ 22 / 3 + ^3 
“2 


x »y i~‘ r 3V2— 


f- 1- + 1 - 

15 _ 

1 

+ 1 *f+ 

i 

L 2 48 

8 

2 

48 

8 i 


_ — 361 

48 

Neglecting the —ve sign, the area is equal to 

4 . 21 . Consider the equation 

cqx+Zqy-f c l J r k(a^x-\~b 2 y-\-cf) =0 ... (1) 

where k is a constant. 


# 

the straight line — (contd) 


4» 


This equation represents a straight line 

degree. Also if there is a point (.r,, y x ) 


0 

0 


...( 2 ) 

...(3) 


0 and 


UOgi VV# ** t , 1 

the two straight lines given by 

a 1 x+b 1 y+c 1 
and a 2 # + & 2 2/+ c 2 

it lies on the line given by (1) also, as a^+b, y l +c i 

*** This^hows that equation (l) represents a straight line 
passing hrough the point of intersection 

i system of straight lines, all of which pass through the point 
of intersection of the two lines. 

Example 1 . Find the equation of the straight line passing 
through ( 3 , * 2 ) and the point of intersection of the lines 2x J 

and 3aH-7y-l-5=0. . , r 

The equation ot any Unes parfng through the pom^of 

intersection of the given lines is 2x-3y- 12+k(6x+ ty + 

This line passes through (3, 2), 

6—6— 12+fc(94-14-)-5)=0 or Jc= il=| 

the required equation is 

2x—3y— 12 + f (3x+7y-|-5)=0 
or \ix~2\y — 84-h9aJ-(-2Li/-|-15=0 

i.e. y 23x— 69=0 or *-3=0 
This example can be done in another way also. The point 

of intersection of the given lines is (3,-2). Now we find the 
equation of the line passing through (3, -2) and (A, A) 

The equation is x = 3, as obtained before. 

Example 2. Find the equation of the line passing through 
the intersection of the lines 3x-2y+l=0 and 4x+2y+3=0 and 
parallel to 5z— y- 1-7=0. 

The equation of any line through the point of intersection 
of the given lines is 


3*— 22/ + l+£(4.r+2i/+3)=0 

3+4ifc 


...( 1 ) 


The slope of (1) is — _2 + 2fe 
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But the line given by ( 1) is parallel to 

5x— y-f7=0 


...( 2 ) 


3+4& 
-2 — 2 k 


5 i.e 


* * 


or 


The reqd. equation is 3*— 2y + l + J(4*+2y+3)=o 
lOx— 2y+5=0. 


Wrfi.w’H? W 3 ' ^ in t d ! he ««“«<«>» of the line through the inter. 
cullZo% x - 2 7~l 3x+4y= ‘ 7and 4 *~5y+n=0 and perpendi - 

Equation of any line through the intersection of the given 
1 ne 1S 3x+4y — 7-f£(4.c — 5y+ll)=0 


Slope of this line 


3 

*> 


3 + 4 Jc 

4 — 5k 

Slope of the line (3x— 2y=l) 
The two lines are perpendicular 

3 - 1 - 4 & 3 

* • A X - = 1 

4 — ok 2 

or 9+12£=S-10& 

or k= - 

/. The reqd. equation is 
3.v— 4y — 7 — - 2 l 2 (4x- 

i.e., 62.r+93w — 165=0. 


_1 

o ■> 


5y+ll)=0 


4.22. Condition of concurrency of three lines. 


Let the equations of the three lines be 

a i x +b 1 y “4'Cj — 0 
a. 2 r-lb 2 >/f-c 2 =0 

«3^' + ^3Z/+C 3 = 0 


...( 1 ) 

...( 2 ) 

...(3) 


The co-ordinates of the point of intersection of (1) and (2). 
obtained by solving the two equations simultaneously, are 


Vb.Co — cb 




c,a 
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The three lines will be concurrent if this point lies on the 
line ( 3 ) i.e., if 






c,a 


V*2 


I H “^3 X j T 

a i 6 2 — ^i a 2 — ^l a 2 

Or a^b^ — Cyb^) +&3( C l a 2” a l C 2)”l" C 3( a 1^2“^l a 2) 

which is the required condition. 


a x Co 


+ c 3 -'0 


0 


Otherwise : If h m > 71 three non-zero constants can be 
found so that 

Ifax+biyi-cJ+miazX+btf+cJ + niiisX+brt+c^O •••(») 

then the three straight lines are concurrent. 

For if (#i. Vi) be the co-ordinates of the point of intersec- 
tion of the first two of the lines, we have 


0 !l^l + ^l 2 /x + c l — 0 

a 2 x 1 +& 22 /i+ c 2 =: 0 

and therefore on account of relation ( i ) 


+ & 3 J/; + c 3 = 0 


This shows that (x x yj lies on the third line also. Hence 
the three lines are concurrent. 

P 

Example. Prove that the right bisectors of the sides of a 
triangle are concurrent. 

Let Ato 2 /x), B(x 2 y t ) and C(x 3 , y 3 ) be the vertices of a 
triangle. 


The right bisector of the side BC is 

(x— x 2 ) 2 + (y— y 2 ) 2 = ( x ~ ar 3) z + (y-y *) 2 

or 2x(x z -x 2 )+2y(y z -y i )+x*-x*+yf-ya i =0 ...(*) 

Similarly other two right bisectors are 

2x(x t - x 3 ) + 2y((y 1 -y s )+ *i‘ + V^-V * =0 — (ii } 

and 2x(x 2 ^.r 1 )+2y(y 2 -y I )+a:i 2 -a; 2 2 +2/i 8 -2/2 2 = 0 — («») 


Adding (i), (ii) and {in) we find that they vanish identi- 
cally. 

Hence the right bisectors are concurrent. 
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Exercise IV (b) 

1. Find the point of intersection of the straight lines 

(i) 4.T4-3?/— 10 and Zx-\-5y=\Z 
( a ) 3x— 2#-fl=0 and 2x+5*/— 31=0 

(in) ~+ r-=l and -*■ — h— = 1. 
a o b a 

2. Find the area of the triangle formed by the lines 
(i) 3x+y + 4 = 0, 5x-5y + 34=0, 3x—2y+l=0 

(ii) y — x=0, ?/+x=0, x — c=0. 

3. Find the equation of the straight line : — 

(i) joining the origin to the point of intersection of 
4x + 3y — 8 and x-\-y= 1 

(ii) joining the point (2, 3) to the intersection of 
2.£-j“3y 4~ 1 = 0 and 3.r — 4 y—o 

(Hi) through the intersection of 3T+2y=8 and 

5x— lly+l = 0and parallel to 6x+ 13^=25 (1937S.) 

(iv) joining the point (x\ y') to the point of intersection 
of the lines ax+by + c = 0 and a'x+b'y+c' = 0 

( 1938 } 

(v) through the intersection of the lines 3x-f 4y=7 and 
4x— 5y+ll=0 and perpendicular to 3#— 2y=l. 

4. Find the equations of the altitudes and co-ordinates 

of the ortho centre of the triangle whose vertices are 
(1, 0), (2, — 4), (-5, -2). ( 1943 S .) 

5. Prove that the following lines are concurrent : 

(i) x + 3y + o^0, 4x* + 6y — 1=0, 3x + 5y4-l=0 

(ii) 2x~ y—5, 3x — y= 6, 4x — y=7. 

6. Find the condition that the following lines may be 
concurrent : 


(0 y=m 1 x+c 1 , y=m«x+c 2) y=m 3 x+c 3 . 
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0 may 


7. Find the value of a so that the line a— 6 y+a 
pass through the intersection of the lines 

2#-j-3y+4=0 and £+4?/+ 1=0. 

8. Prove that the 

(i) medians of a triangle are concurrent, 

(ii) altitudes of a triangle are concurrent. 

Distance of a point from a straight line 

4-3. Perpendicular distance of the point (xi, yi) from 

the straight line x cos a +y sin a = p* 

Let AB be the given line. Let 

OL be perpendicular on it from 0. 

Then 0L=p and /_LOA=*. Let 
¥{x v y t ) be the given point. 

Through P draw a line CDi| AB. 

Produce OL to meet CD in K. From 
P draw PM perpendicular to AB. 

Let OK =p v 

Now as OK is perpendicular 
to CD which is parallel to AB, the 
equation of CD is 

x cos a -\-y sin cc=p t 

The point P(x 1} y x ) lies on (1), 

/. x ± cos a -f y x sin 

Perpendicular distance of P from AB is PM and 

PM=KL=KO—LO— pj— p 

=x x cos a+J/i sin a — p. 

i 

Thus it follows that when the equation of a straight line 
is given in the form 

x cos 0 L~\- y sin a— p= 0 

if the co-ordinates of any point are substituted for x and y in 
the expression on the left-hand side of the equation the result 
represents numerically the distance of the point from the 
line, j 

l/C.31. Perpendicular distance of the point (xi, yi) from 
the straight line ax+by+c=0. 



...( 2 ) 
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Let the equation 

ax+by+c=0 

be so written that c is a negative quantity. This equation is 

reduced to perpendicular form by dividing it by vV+6* Tt 
therefore becomes ' 


ax 


r + 


by 


where cos « — 


\/a 1 + b 1 ' s/a 2 + b 2 1 *Ja~+b 
a b 


0 


/ ° i *L 2 > sin. ft-— ■ . 

\Za~-f-6 \/a~-}-b 2 9 ” 


The perpendicular distance from ( x ‘> y') 

=x f cos ct + y f sin a—p 

ax ' +by' + c 

^/a z +b 2 


a 2 +6 


2 


Thus the length of the perpendicular from (x, y ) on 
ax+by + c— 0 is obtained by substituting x' and y' for x and 
y in the left-hand side of the same, and dividing the result so 
obtained by the square root of the sum of the squares of the 
coefficients of x and y. 

Cor. 1. The length of the perpendicular from the origin 

c 

on the line ax-j-6?/-f is ~ . ^ * 

^/a^+b 1 

4.2. The result of the preceding article can also be 
obtained independently as follows : — 

Let AB be the line whose 
equation is ax+by+c= 0. Let 
P(x„ y x ) be the given point. Draw 
PM perpendicular to AB. Join 
PA and PB. 

The co-ordinates of the point 
A, where AB meets the x-axis are 
obtained by solving 

ax+by+c— 0 •*•(0 

and 0 simultaneously. 
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Putting 2/=0 in (1), we get 


ax-\-c=0 


or x 


~c 

a 


4 4 


A is 


a 


,0 


Similarly B is f 0, 

Now area of the AAPB 

2-AABB 


iAB.MP=4AB-p 


or p 


AB 


The vertices of the f\ APB are 


a 


, 01 , 0 , 


(*i> 2/i) 


its area=^f 


c 2 


C,Ti 

ab 1 6 


<^i 

a 


] 


■2ab ( ax i+H+c) 


Also 


AB 


VI 


2 


+ 


6 2 


S' * “ + 62 


• • 


from (2) we get 


i> = 2. 


a& 


2a& ( ax i+^ 1 + c ) X cVa 2 +fc 2 


■i * 


... ( 2 ) 


_agi -ffa/i+c 

\/ a 2 +6 2 

Example 1. Find the length and the equation of the per- 
pendicular from the point (1, — 2) on the line 3y=4x—5 . (1949) 


The equation of the line can be written as 

4x— 3y~ 5=0 


• * 


The length of the perpendicular from ( 1 , 

4-1— 3( — 2) — 5 


...( 1 ) 

- 2 ) 


V4 2 +3 2 


5 

5 


1 


1 i 
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The equation of any line perpendicular to (1) is 

3x4-4?/ 4-/c=0 ,. t (2) 

As the point (1, — 2) lies on (2) 

3 — 8 + Z;=0 or k—5. 


* « 


the equation of the required perpendicular is 
3x -f~ 4?/-f- o = 0 

Note. The foot of the perpendicular from (l o> on t u 

given 1 me can be found by solving the equations (f) and '31 
simultaneously. ' ' ' > 

L 

Example 2. Find the foot of the perpendicular from (3 Ti\ 
on the line 2j:^-3y~32= 0. ' ’ ’ 

Equation of the line passing through (3, 13) and perpendi- 
cular to 2.r-+-3y — 32 = 0 is 

or 3(.r-3)-2(y-13)=0 

3r — 2^/+^7 = 0• 

The foot of perpendicular is the point of intersection of 

2*+3y-32=0 ...(i) 

and 3.r-2y+17=0 ' ...(«) 

>Sol\ ing (;) and (ii) simultaneously, ave have 

• r !f_ _ 1 

51 — 54 - 


96-34 


4-9 


or 


x 


y 


i 


— 13 -130"” 

x~\ and y^K). 


1 3 


am 


Hence the foot of the perpendicular is (L 10). 

Example 3. F ind the distance between the parallel lines 

3x -f- 4 y — 5 = 0 . . . ( 1 ) 

and 6r-p$// — 45 = 0 ***(2) 

(1947) 

I lie distance between two parallel lines is the distance of 
point on one of the lines from the other. 

Putting ij = 0 in (1), we get 

**• (I) 0) is a point on (1). 
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Its perpendicular distance from (2) 


1x6+0-45 

v/6 2 +8 2 


o — 


c O 


10 


_ = J (numerically) 


which is the distance between the two lines. 

Exercise IV (c) 

1. Find the perpendicular distance of the point 

( i ) (2, —1) from the line 3.r — 4y==5 
(u) (1, 1) from the line 3.r4-4?/+8=0 
(Hi) (6, a) from the line a(z—a)=b(y^b) 


( iv ) (6, a) from the line - — — = 1 

(v) ( 0 , 0) from the line h(x+h)-\-k(y J rlc) = 0. 

2. If p is the perpendicular distance of the origin from a 
line whose intercepts on the axes are a and b show that 



3. (i) Find the length of the perpendicular from the point 

(2, 3) on the line 3x— 4//+ 13=0. 

(ii) Also find the co-ordinates of the foot of the perpendi- 
cular. 

( Hi ) And the equation of this perpendicular. 

4. Find the feet of the perpendiculars from (1, 1) to the 
lines x— 2y-f-2=0 and 2x— «/-fl=0. : Also find the length of 

the perpendicular from (1, 1) on the line joining these feet. 

% “ n 
1 *4* 

• 5. Find the lengths of the altitudes of a triangle whose 

altitudes are (0, 0), (1, —1) and (3, 2). (P.U. 1938) 

6. Find the distance between the parallel lines 
(i) 3rr+4y+15=0 and 3o: + 4j/— 9=0 
(ii) 3a , +4«/— 5=0 and 6x+8y— 45=0 (P.U. 1947) 

(Hi) ax-(-by-\-c=: 0 and ax+by+c'— 0 

(iv) y=^mxA-c and y=mw+d. 


(P.U. 1944) 
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i. Find the points on the line y— x which are at a dis- 
tance of 5 units from the line 

1=0. 

S. Find the equations of straight lines parallel to 
3x + 4?/=7 and at a distance 4 from the point (2, 1). 

9. Find the point on the line 1 which is nearest 

to (2, 6). 


10. The equations of the sides of a triangle are 3.r-f y — 4 
, 3x o?/ + 34~0 and 3x — — ?/ — r~ 1 = f). Find the lengths nf t 


0 ? o o JJ 

altitudes. 


Find the lengths of the 


4 4, Position of points with respect to a line. 

Two points P X (x 1% y x ) and P 2 (x 2 , yf) He on the same or oppo- 
s it e s i d es of the line ax J r by+c=0 a ccordi ng as the ex press i on $ 
ax 1 +0>/i+c and ax> + by* — c have the same or opposite signs. 




Let the line 1\I\ meet the given line in R. 
}\V 2 in the ratio nt x : tn 2 . 

r f m I r 2 + W 2‘ r l 

NS of R are — ■ , ■ , 


Then the co-ordinate 


R lies on the given li 


* * 


i .* 


or 


v 


m 1 ^ r m 2 


a 


//? 1 .r 2 -r'>'/o.r, , , c 


/// 


at 


i I 


m 


1 'T 


///<, 


m x (ax., -f- &// 2 + c ) m 2 ((i .Tj + by x + c ) — 0 

m x ax 1 -f by x -j- r 

at.. 


a r.y~\~ by., -r c 


Let R divide 
m L ?/., + m 2 y x \ 

m x 4- at 2 ) 
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If Pi and P 2 lie on the opposite sides of the given line 


m 


.(Fig. 1), then — is positive as R lies between and P.> in 
that case. 

Hence the expressions ax 1 J r by 1 -\-c and ax 2 -\-by 2 ~\-c must 
have opposite signs. 

But if P x and P 2 lie on the same side of the given line 
•(Fig. 2), then — is negative, as in this case R does not lie 

77 % a 

a 

between Pi and P 9 . 

Hence the expressions (tx x -{~by x -\-c and ax 2 -pby 2 -\~c must 
have the same sign. 

Hence the points (x x , yj and (x. 2) y. 2 ) lie on the same or 
opposite sides of the line ax-pby -|-c=0 according as ax^-by^-pc 
•and ax 2 '\'by 2 ~{-c have the same or opposite signs. 

4.5. Bisectors of angles between two lines. 

Let the equations of the lines be 

6iy+-ci=o ...(i) 

• . a 2 r+%+c 2 =0 ...(2) 

The equations being written such that cq and c* are both 
positive. 



Let P(#, y ) be any point on either bisector. 


i 
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Then the length of the perpendicular from P on the two 
given lines is the same. - . 


* 


i- 

. H 

+ b 2 y+c 2 

...(3) 

* * 

a/ (^i 2 +^i 2 ) 

■"V 

1? 

10 

ro 

to 

IO 

The tw 

o bisectors are 





a 1 x+b l y^-c 1 

V («i 2 + 6i 2 ) 

a 0 x 

i « 

~r^2y~v c 2 
(a 2 “-f- 6 2 2 ) 

...(4) 

a nd 

°r r + + Cj_ 

a/ («i 2 +^. 2 ) 

a 2 x 

X 

+ b 2 y+c„ 

(o 2 2 +6 s S) 

...(5) 


Note. Sometimes we have to distinguish between the 
bisector of the acute angle and that of the obtuse angle. This is 
done by taking one of the bisectors (4) and <5), and finding the 
angle that tnis bisector makes with either of the given lines. 
If the angle is less than 45°. then the bisector chosen is of the 
acute angle. Otherwise it is of the obtuse angle. 


4.51. The bisector cf the angle in which origin lies. 

Let t lie origin fall with n the angle ALC. Then the per- 
pendiculars to the lines from any point within the angle ALC 
will have the same sign as the perpendiculars from the origin. 


Now since c v c 2 are both positive. a l x J \ r b x y J r c i and 
a«x+b.,y+Co are both positive for the points within the angle 

ALC. ' 


* The equation of the bisector of the angle ALC, in 
which they lie, is 

ay x 4 6^ + gi ci 2 x-rb 2 y^Co 

V a^ + bj ~^f+bT 

and the equation of the bisector of the other angle is 

a x x -\~b x y-\-c x a 2 x-\-b 2 y -j -c 2 

V cr-^lr s/ bo~ 

Example 1* Find the equation of the bisector of that- 
angle between the lines 3.t -- 0 and 4,t 3 y 1^ 0,. 

which contains the origin. 
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The equations can be written as follows after making the 
constant terms positive 

3z-4 y+ 7—0 .. (1) 

-4:X+3y-{-ll=0 .*.(2) 

Then the equation of the required bisector is 


3x — 4?/+7 — 4a:+3y-f-17 

5 5 


or 7;r— 7^/ — 10=0 

Example 2. .Find the equation of the bisector of the acute 
angle between the lines 2.r — y--4t — 0 and x — 2y + 10 = 0. 

The equations of the two given lines are 

2x—y — rj~0 •• (1) 

x — 2y-[-10=0' ...(2j 

The equations of the two bisectors are 

2.t — y — 4 __ 2?/~r-10 

“VS 

i.e ., .Try— 14=0 ...(3) . 

and 3x — ...(4) 

Out of these two bisectors, we have to find which bisects 
the acute angle between (1) and (2). 


Let 0 be the angle between (1) and (3). . 


Then tan 0 


2 . 1 — 1 ( — * 1 ) 
2+iT(-iy 


/. 0 is greater than 45°. Hence (2) bisects the obtuse 

angle between (1) and (2). There (4) is the bisector of the 
acute angle between (1) and (2). i.e , the required, bisector is 

x—y+ 2=0. 

Exercise IV (d) 

L Examine whether the points (4, 2) and (3, —4) lie on 
the same side of the line 3x-f2 y—5 as the origin. 

2. Show that the origin lies inside the triangle whose 
vertices are (1, 1) ( — 3, —1) and (2. —5). 

3 Show that the points (1, 1) and (2, —1) lie on the 
same side of the line 2x— 5y+7=0, whereas points ( 2 ,- 1 ) 
and (3, 4) lie on the opposite sides. 
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* . .. Fmd. the locus of a point which moves so that the 

perpendiculars drawn from it to the lines . • 


(0 3.r-f4 y=5 and 12 .t — 5?/=13/ 

{ii) x cos a+y sin a=p and x cos /? + ?/ 
equal. ' . 


o. Find the bisectors of the angle v, 
origin between the following pairs of the lines : 

(0 3.r + 4y— 27 = 0 and ox— 12//— 16 = 0 

V+ 2 = 0 and x+ 2y+ 7 = 0 
If ~ 7 = 0 and ?/— 5y-j~ 7=0 


(P. 17.) 

sin fi-jp' are 
(P. U. 1942) 


hicli contain the 


(ii) 2x~ 

(Hi) 5 x+ 


(i) 3r 


i * 


^ Jn d the bisector of the acute ansle between the 
following pairs of lines : — 

4y '12 = 0 a n d o r 4- 1 2 y — 60 = 0 
(it ) Ax — 4 y -r 13 = 0 a nd 1 2 r 4- 5 y — 32 = 0 
(tit) ] 2.r -f o // = 4 a nd 24 // — lx = 9 

Find t lie incentre of the triangle formed by the lines 
?/ 4-1=0, 4.r— 3// — 7 = 0 and^.r - 15y+49=0. 

Revision Exercise I 

1. A line is of length 10 and one end is at the point 
(2. —3). If the abscissa of the other end be 10. prove that its 
ordinate must be 3 or —9. 

2. Prove that the points (2, —2), (8, 4), (5, 7) and(— 1, 1) 
are the angular points of a rectangle. 

I is the centre of the 


3. Prove that the point 


-1 

14 ? Uj 

circle circumscribing the triangle whose angular points are 
(1, 1), (2, 3> and ( — 2, 2). 


4. The line joining the points ( — 6. 8) and (8, —6) is 
divided into four equal parts. Find the co-ordinates of the 
points of section. 

5. Pi 'ove that the co-ordinates x and y of the middle 

point of the line joining the point (2, 3) to the point (3, 4) 
satisfy the equation 1=0. 
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, . , nf the triangle whose angular points 

a " Find the centroid ot tne m<u g „i 

are (S' -5), (-7, *) and.( 10 , -2) respec t ' ' ^ (§> ?) ^ 
pect U A ' V« points Of BO, CA. AB res- 

p ectively. Prove that 

AABC=4A d EF. from the ax is of X 

8. A point moves so that its equation of its 

. is half its distance from the origin. Find the eq 

locus* , . . from the axis 

9. A point moves so that twice its d Find the 

of y exceeds its distance from the axis ot a . 

eq “o° n FW S .hr;i«s which are at a distance 5 from (3, 4) 

and at a distance 13 from (5, 12). ^ 

11. Prove that the straight lie;' 1 f in the 

tan- 1 5 with the axis of .r, and which cuts the 

point (0, —5) passes through the point t.1 , )• 

12. The equation * f 5=0 is equivalent to 

5 t T . ox- 5 

x cos -£+y sin 4 . s j 2 

k 1 1 On 9fi — 0 is written in the 

13. When the equation 5x- + 12i/--o- u lb 
form 


2 ) 


x cos a+y sin a-p=0 find the value of p. 

14. Prove that the line through the points (5, 0) (0, - 
•asses also through the points 

(15, 4) and (-5, —4) 

15. Prove that the line y -x +2=0 cuts the line joining 
3, —1) and (8, 9) in the ratio 2:3. 

16. Prove that the line through the two points (9, 3) and 
15, -x 3) cuts off equal intercepts from the axes. 

’ Show that the four points (0, 0) ( — 1, *)> (“ 7 > f nd 

are in the four different' compartments made by the two 

raight lines , 

2x— 3t/+l=0 and 3x— 5i/+2=0. 
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’ — 1 Ki 

co -ordi n a t e S ofwhose vertTces ar^l the d f rian § !e - the 

‘1^;^“^ be ~e line/ 

of 4 - F “ d the lines <Wh (2 ^ 1 + ^ ^ 

° Wj th the line c ^ ^hich make acute angles 

3.r— 5 ^_l5 =; q 

from the^ines^ 6 perpendlcuIar distances of the point (2, 3 ) 

^ 7=0, ox -U 1 2v — on n i o 

22. Find the equation* Z * 3*+4y- 8 =0. 

parallel to x + 7ya-0_ o a nd / ° strai ght lines which are 

(1. -1). ^ “~ 0and at unit distance from the pZl 

Point of inteLrtionTfVhriinfs the ^ j ° inin " (1 ’ to the 

3,r-f-4y— 2 = 0 and x~ 2 y +5 = 0 . 

Fmdtheaiea of the triangle formed by the lines 

l J x ~ °* V-rX= 0 , x—c = 0 . 

Snow that the area of the triamde former} +i .• 

-Ci, y=--m 2 x+c 2 and x=0 is e d by the inea 

i i c i ~ c 2 ) 2 

*> ““ ' — * 

in 2 — m x 

A triangle is former! k v +i i* 

. formed by the hues 3x-f-4y-6=0 


24 . 


2 o 


y=nt 1 x 


12x 


26. 


•>y 


„ 0 and 4 .r— 3 y+l*->— o p;, i /, -My— 6 = 0 , 

oHl,e vertical a„gle oppeS sMel+V-S 

27 O A m nrl or 4 . (P*U. 1933) 

lino AB mor-es'sudi^ that St UneS ' Tte 

middle point of AB. " ' 0B ~ 6 - Fl «d the locus of the 

origin^ on^fne which “ah™™ n° 0t ^ p fP endicu l a r from the 

mch alu ays passes through a point (k. k). 

29 . Flnd the ineentre of the triangle whose sides^re 
in w f 7 V~ l2== 3 ^-%- 36=0 and z=0. 

Find .^oJ 3 r o bocen t ra op the triangle whose sides are 

y—-x, ly=x and .r-f-y 4 - 9 = 0 . 


CHAPTER V 

THE CIRCLE 

5.1. Definition- P^MaJi^rcma fixed point, remains 
Z7aZ U^rZinTLZm ,ne intro. »• iU constant dts- 

ance, the radius of the arch position of its centre 

Hence a circle is specified when the portion 

ind its radius are known. 

✓ s .ll. The equation ot a circle, i« centre and radtnr 

be, ng grven^ ^ ^ the centre and a the 

radius of the circle. . . 

Let P (as, y) be any point on the circ e. 

Then PC=a or PC ==o- 
But PC 2 =(.r— hf-rly—kY . . 

Hence the equation of the circle is 

(x-h)H(y-k) " 



e..(2> 


c 12 If the centre of the circle is at the origin, h-k-O, 
nd, therefore the equation of the circle is 

.r 2 + y 2 = a 2 

This is the simplest form of the equation. 

5 . 13 . To prove that the equation 

x- + y % + + 2/y + c = 0 

presents a circle and to find its centre and radius. 

The given equation may be written as 

(x 2 4 - 20*4 -g 2 ) + (l/ 2 - 2 fy +/ 2 )= 9 2 +/ 2 ~ c 

or ( X + gf + {yA-ff = (\/f - c f 

T . ^ows that the distance of any point. (*, y) on the locus 

from point -/) is constant, and equal to 
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«rcle >vl,os t centre i, the given equation j s a 

a™ « three plssLit^ rad, " S “ V '+^ 

(0 If g 2 +f Z— c i s positive the loein’ic- 

centre ,-g, an(I radius ** <* 

poL circle ’ the ra<lius van * s hes and locus is a 

(m) II £/ _ -h^ 2 — c is negative the ]»„ 

circle. e e ' the locus w an imaginary 

514. Characteristics of the equation of a circle 

In order that an e.nmirm ™ s a circle - 

possible to write it in lorn, (l)^f ST ' t , a circle « must be 

H ence if a n c a iah'mi ; > / 

. q-ta.ton is to represent a circle : 

i must be nj the second degree, 

(n) the coefficient* of .r? and if- should he equal 

0..) ,1*rr Should be no ferm invohing ^ ^ ^ 

the general equation of a”. \ r( iy !f j 2 ?'p + 2 ^ ?/ + ^ = 0 is taken as 
circle passes through the origin. equat,on if c =°> the 

Example 1. Find the centre and radius of the circle 

~ -u~ i- 'S.r - 1 2y + 1 s = o 

divide the equation bv -) to mil-n *i 

x~ or //- unit v ' ~ ‘ nmke the co 



i.e. 


I * W. 


>r + 4.r-c<5 



0 


t i ^keeo. ordinates of the centre now are o 
co-e/hcients of .r and /, by -2 respectively 
I hey are (- — 1 \ ;j\ 



anrl rad iu.s = \Jg- -\-f ~c — - ,/4 

W 


-r 9— 9=2. 


a..rl ^* xam P^® 2. Find the equation of a circle havino- 
and concentric with the circle J+f-Sx+fy+QlS* 

T|,e centre of the given circle is (4. - 3 ). 

This is also the centre of the required circle. 
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Hence its equation is 
. ... (x— 4) 2 -i-(?/-{-3) 2 =9 

x 2 +y 2 — 8.r-f6y+l 6=0 


or 


Second Method. 

the given circle is 

x 2 --y- 


Equation of any circle concentric with 


$x+6y+k=0 


• ••(I) 


Radius of circle ( 1 ) = v i 6 + 9 — k 
But its radius =3 


• t 


or 


Vl6+9-A'=3 
’ 25— A=9 


or >fc=16 


; t the equation of the required circle is 
x 2 j \-y 2 — 8 x+ 6 ?/+ 16 = 0 . 

5 . 15 . The general equation of a circle 

x 2 + y 2 + 2gx- 4 - 2fy - + c = 0 

contains three arbitrary constants g, j , c. Hence to find the- 
equation of a circle, we must know the values of these constants.. 
But to determine the values of three constants, we require three 

independent equations involving them, each equation being an 
algebraical expression of some geometrical condition about the 
particular circle. Hence a circle is fixed if three independent 
conditions about it are known. . 

Example 1. Find the equation of the circle, which passes 
through the points : (2, — 1 ) ; (2, 3) ; ( 4 , —1). 

Let the equation of the circle be 


x 2 


y2-L2(JX+2fy + C=0 


...( 1 ) 


Points (2, —1), (2, 3) and (4, 
/. 5+4jr-2/+e=0 

13 + 43+6/\fe=0 

17 + 8gr-2/+c=0 


1) lie on the circle. 


...( 2 ) 

...(3) 

...(4) 


To find the values of g , /, c, we have to solve these 

equations simultaneously. . * 

\ 

Subtracting (2) from (4) 


124-4(7=0 or. g 


3 


.,.( 5 > 
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Subtracting (2) from (3) 

^ + 8/= 0 or f~ — 1 

Substituting the values of / and g in (2) 

5 — 12+2+c=0 

or c—5 


...( 6 ) 


...(/) 


Hence the required equation is 

a;2 + y 2 — Qx — 2y + 5 = 0. 

^>-mS ai ?/ P! n 2 ' /,o ld J he e V uation °f the circle which passes 
J ( » 1) and (~, 2) and has a radius of one unit. 

Let the equation of the circle be 

x 2 +y : +2gx+2fij+c .= 0 ^ 

Points (1,1) and (2, 2) lie on the circle 

2+2<7+2/4- C= o ...(2) 

and 8+4flr+4/_j_c = 0 (3) 

4 1 I * * * \ ^ / 

Also the radius is 1, 

•• 9' J rf- — c = l ... (4 ) 

lo solve the equations 2, 3, 4 simultaneously, multiply (2) 
bv 2 and subtract from (3). ‘ ' P ' ’ 

e get 4 — c = 0 or c=4 

Substituting this value in (2), we get 

2d-2jr + 2/+4 = 0 ‘ 

l f* 9 f=—(g+ 3) ...(6) 

Substituting in (4), the values obtained in (5) and (6) 

P 2 + (<7+3) 2 - 4 = = 1 


or 

or 


or q= o 

V 

Hence from (0) / 

and /= — l 



when — i 


-g 1 + 6<7 + 4 = 0 
9 f “ “1“ 3^ -f~ 2 ~ U 
9= — l 

\vh cn Q — — 1 


There are two sets of values off and g . Hence there are two 
circles satisfying the given conditions. 

The required equations are 

2x— 4// +4=0 
and x-+g 2 —4x—2y+4=0. 
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Example 2. Find the equation of the circle which passes 
through the points (4 9 1) and (6, 5) and has its center on the line, 

4x-{~y — 16=0. 

Let the equation of the circle be 

x 2 +y 2 +2gx+2fy-\-c=0 ...(1) 

Points (4, 1) and (6, 5) lie on the circle. 

17 + 8g+2f+c=Q ...(2) 

and 61-H2jr+'10/+c=0 ,..(3) 

Also, the centre (— g , — /j lies on the line ix+y— 16=0 

—4^—/— 16=0 ...(4) 

Equations 2, 3, 4 are to be solved simultaneously for /, g 
and c. 


Subtracting (2) from (o), we get 

44+40+S/=O ...(5) 

Adding (4) and (5), 28-f-7/=0 

From (4), g=~ 3 and then from (2). c = 15 


or f 


4. 


Hence the required equation is 

x 2 ~\~y 2 — 6x— 8 ?/.+ 15=0 

5.16. The equation of the circle on the join of A(xi, yi) 
and B(x 2 , y2) as diameter. 

Let P(x, y) be any .point on 
the circle. 

Z APB is a right angle being 

O c? O 

an angle in a semi-circle. 

/. PA and PB are per- 
pendicular to each other. Hence 
the product of their slopes is — L 

The slope of PA= ~ — - 1 

x — x x 

The slope of PB=^^ 2 

x— x\ 



B 


» * 


y—y i w y~y 2 
/\ 


-l 


X — X-, X—Xn 

(y—yi)(y—y 2 )=—(x—x l )(x—x,) 


m * 
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1. e. (x~~x 1 )( x —z<>) + (y~y 1 )(y—y 2 ) =z () - . 

which is the required equation. 

Exercise V (a) 

1* Find the equation to a circle whose 

(i) centre is v 3, -2) and radius 4. 

(ii) centre is (a, a) and diameter a. 

(iii) centre is (3, — 5) and which. passes through (l r 2). 

2. Find the centre and radius of the circle 
(i) x 2 +y 2 — 49 = 0 

{U) x z +y 2 -\- — 24=0 

2x-+2y-~ 1 2x -f- 16^+18=0 

(ir) .r 2 +y 2 — a.r — 6y=0 




!>) *r 2 +?/ 2 +2.r+l=0 

( r t ) 3.r 2 -f- 3 ?/ 2 — 5x — 6?/ -f- 4 = U 
( v i i ) 5.r 2 5// 2 + 4.r — 8//- 16 = 0 
( r i ii ) 4.r‘- -f 4// 2 = 1 2a.r — 6a?/ -fa 2 . 


3. Find the equation of a circle whose centre is 
which passes through the centre of the circle x 2 + y 2 ~ 


2, 3 am 
4.r +7 = 0 


4. Find the equation of the circle whose centre is (4, 5 
and whose circumference passes through the centre of the circt 
a *' t V~ -f 4 r — 6y — 1 2 = ' 1 


o. Find the equation of the circle which passes through 
the cent i e of the circle x~-\- ?/“ + 8.i*+ 10?/ — 33=0 and is concen- 
t l ie wi t h x 2 + //- — 4.r — 6// 4-11=0. 

6. 1* ind the equation of the circle whose 

(0 centre is {2, 3) and which touches the line 

3 r -r 4?/ + 2 = ( ). 

( l 0 centre is (4, o) and which touches the line 

*)X + 1 2 y — p 1 1 = 0. 

7, One end of the diameter of the circle 

x-+ ?y 2 — s.r— 1 0// t 1=0 is ( — 2, 3). Find the other end. 
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8. Find the equation of the circle which passes through 
the points : 

(i) ( 1 , 2) ; (2, 1) ; (0, 0) 

(«) (0,0) ; (0, 3) ; (-4,0) 

(in) (2, 3) ; (3, 2) ; (5, 1) . 

(to) (1, 2) ; (2. 1) ; (2, 3) 

(t?) (—3, 4) | (-2, 0) ; (1, 5), 

to*) a i) ; (2, -i) ; (3, -2). 

9. Find the equation of the circle which passes through 

the points (0, 0), (a, 0) and (0, 6 ) ; find its centre and the 

radius. (P.D. 1945 S ) 

^ 10. Find the equation of the circle circumscribing the 
triangle whose sides are 

#+2y= 0, 3y+l = 0, 3x+y— 5=0. 


(P.U. 1936 ) 
(P.D. 1937) 
(P.U. 1941 ) 


11. Find the equation of the circle whose diameter is the 
line joining the points : 

(i) (3. 4; and (2, —7). 

(it) (4, -3) and (6, 3). 

(iii) (a cos 0 , b sin 0) and (—a sin 0, b cos 0). 


12. Find the equation of the circle which 

(i) passes through the points (2, 3), (4, —1) and has its 
centre on the line y—\. 

(u) passes through the points (—1, 2), (3, —2) and has 
its centre on the line x~2y. 

(iii ) ' passes through the points (a, 0), (0,6) and has its 
centre on the axis of x. 

f 

13. Find the equation of the Gircle which passes through 
the points (2, 3) and (6, —1) and whose radius is equal to 4. 

14. Find the equation of the circle which 

* 

*(i) touches each axis at a distance 5 from the origin, 

(it) touches each axis and is of radius a, 

touches both axes o£*c and passes through the point 
(-2,-3), 
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(iv) touches the axis of x and passes through the points 
(1, —2) and (3, —4). 

15. Find the equation of the circle which passes through 
(1,0) and (2, 0) and touches the line y~x, 

f 

s 

16. Find the equation of the circle which passes through 
the origin and the point (2, 1) and touches y~x at the origin. 

(P.O. 1944 ) 

17. Find the equation of the circle which passes through 

(4, 0). (9, 0) and touches y = 2x. ( P.U . 1943 ) 

Tangents and Normals 

5 2. Tangent. Def. Let P and 

Q be any two points near one another, 
on any curve. Join PQ ; then PQ. is 

called- a secant.. 

Let the secant PQ be rotated 
about P. so that the second point of 
intersection Q gradually moves up to 
P along the curve. The limiting posi- 
tion of the line PQ when Q finally tends to coincide with P is 
called the tangent to the curve at P. 



Thus a tangent is the limiting position of a secant when its 
two points ot intersection coincide. 

The point P is called the point of contact of the tangent. 


Normal. The straight line through the point P (in the point 
of contact) perpendicul ir to the tangent at P is called the normal 
to the curve at P, ' 

V 5.21. Equation of the chord of a circle joining two given 
points on the circle x~~\-y -=cr. 

Let P(.ij. f/j) and Q(.r 2 , y 2 ) be the two given points on the 
cirde. Then as the points lie on the circle. a- 2 +t/ 2 =ft 2 

2 =« 3 •••(!) 
o 2 2 ( 9| 

.r 0 “ + ?/.,- = a 

Subtracting (2) from (1) 

(.Tj 2 — x ./ ) -J- (y-f y±) — 0 
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or {%i — 'T 2 ) (x\ + Xq ) — 


or 


IhrzMt 

%i — \r 0 

Hence the slope of 


(2/1 —2/2) (2/1 +2/2) 

x 1-^X2 
U1 + U2 


...( 3 ) 


PQ 


2 /i- 2/2 


X-]_ “f~ Xn 


a 4 - 


X 2 


2 A +2/2 




the equation of PQ is 


2 / — 2 /i 


aq-j-.i’v. 


(x— ^ jl) 


...(4) 


2/l T If 2 

5.22. Equation of the tangent to a circle at a given 
point. 

Tangent has been defined as the limiting position of the chord 
PQ as Q tends to coincide with P ?.e., as x 2 -^x x and y 2 ~^y\* 

• Then equation ( 4 ) of the preceding article becomes 


V y 


- 2 /l 


or y—yi=— f 1 (*-*1) 

l/l 

or yiji —y 1 2 =—xx 1 +x 1 - 

or yyi-T~xx 1 =x 1 2 +y 1 2 =a 2 from ( 1 ) 

• which is the required equation. 

/ 

5.23. Equation of the normal at a given point on a 
circle. 

The tangent at P(x 1 , 2/1) to tne circle x 2 -\-y 2 =a 2 is 

™i+ 2 / 2 /i =a 2 


•\ Slope of ’the tangent — — 1 

2/i 

Slope of the normal which j>is perpendicular to the 

tangent = -- 

x x 

* 

the equation of the normal is 
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or yx x x x y x — xy x — x x y x 

°r xyx—yxi = 0. 

Note. It may be observed that the normal passes through 
(0, 0) i.e., the centre of the circle. & 



5 . 24 . In case the equation of the circle 
general form x 2 +y 2 +2gx+2fy+c = 0 ) the 
tangent and the normal at any point P can 
following precisely the same procedure. 

Take Q(:r 2 , y 2 ) any other point on the 

P and Q lie on the circle, 

* T i 2 + . ? /i 2 + 2gx i -f 2 fy x -f c = 0 

find .r 2 “ ~r y±~ 4~ '-(jx-i 4~ ~fy* 4~ c — 0 

Subtracting (2) from (1) 

( r i 2 - -v) + Or -!/%)+ -<j(xi - 3 ' 2 ) + -%i- 

0 (*i -- + - r 2 -r -V) + (2/1 - ihXyi +y 2 +-f) 

y_i —y-i _ + .r 2 + 

■ * ” “ 

Ti - 


is given in the 
equations of the 
be obtained by 


...(n 

...( 2 ) 


Vi ) =0 

=0 


X 


Vi J rUt + 2 / 


..(3) 


Now slope of PQ= 


Ui — y-i r, -I- ,T 0 -i- 2a 


X 



2/2 T' -/ 


. the equation of PQ is 


y~y i 


.T x -f .To 4-2(7 . s 

’ 777 (* - - r l) 


...(4) 


//i ~r !Jo + L 7 

The chord PQ becomes tangent to the circle at P ; if Q 
moving along the curve tends to coincide with P he., if x z -^x x 

v/ lf then equation (4) becomes 


and //, 


y ~ yx = 


2 ti + 2.7 


(.T T x ) 


or 

or 

or 

or 


2z/i + 2/ 

(/y - y i )(//i +/) = - ( x i + g)(x ~ ?i) 

yy i 4 - f u - Vi — 7/i = - (^i + gx ~ g*i - aY 1 ) 


mix -f XX X ~r~fy + gx = aq 2 + yr +//A + 


by adding (jx x -rfy\ -f - c to both the sides 
yy\ 4- XX X -f fy +fy x 4- gx + g*i J rc=x 1 2 +y 1 2 + 2 fy x +gx x +c 

or b} r (3) 

xx x 4- yyi 4 -g( v 4- * r 0 + r (y 4~ yi) 4- c = 0 


...( 5 ) 
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-which is the equation of the tangent at fo, i/i)- 
Now the slope of the tangent at (aq, yf) 

_ Xi+9 

Vx+f 

the slope of the normal 

aq+0 

the equation of the normal is 

y-yi=+ - 5^7 
y-yi . 

01 2/i+/ 

It may be seen that the normal given by the above equation 
passes through the point (-g, -f) * the centre of the circle. 

Note. The equation of the tangent to any circle (or any 
other conic) at a point (aq, y x ) is written as follows 

In the equation of the circle (or the conic) write xx x and yy x 
for and y~ respectively 9 and x-\-x-i for 2x and y~\~y\fai 2y , the 

constant term being kept unchanged. 

* 

5 . 25 . The equation of the tangent at a point (x v y x ) on 
the circle x 2 +y 2 -r2gx-\-2fy+c—0 can be formed b^v following 
method also : — 

Now 


cos 0 sin 0 


is any line through P (.'rx, y x )- 



The distances from P of the points of intersection of the 
line with the circle are the roots of the quadratic 

r 2 +2r { (aq+sO cos 6 + (y x +/) sin 9 } 

-ta 1 2 +«/ 1 2 +2ga: 1 +2/y 1 4-c=0 ...(2) 


Since (a x , yf) lies on the circle the last term in the quadratic 
>is zero and, therefore, one of its roots is zero. 


I 
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... otlier ro °t will also be zero and, therefore the line m 
^ill be tangent to the circle if 1 

O'i+0) cos G +(#!+/) sin e=0 ...( 3 ) 

the circle !at ,, (" t 1 !°" 1 ) 8iVeS ^ ^ the Sl ° Pe ° f ^ tan § ent to 

Eliminating © between (1) and (3) we get the equation of 
the tangent in the form '0 1 01 

(.r — x j)(.r ! -rf/)+ (// — / ) = 0 

or xx l 4- if u t + gx -\-fy — x^ 2 — yf * — gx x — fy 1 = 0 

or XX 1 4 yy x + gx ±f }J = ^2 + y 2 ^ . . .(4) 

Now adding gx^fy^i-c to both sides of equation (4) we 
have as the equation of the tangent W 

a=Pi-f-yyi+9(*+^ 1 )+/(y+y I )+c=0 

In like manner we can show that equation of tangent at 

C r i> V \ ) on the circle x 1 + y' 1 —a 1 is xx 1 -+- yy 1 ~a 2 ^ -**(^) 

/ 

5 G. Parametric equations of a circle. 

It is often possible to express the co-ordinates of a point 
on a curve in terms of a single variable such that the equation 
of the curve is identically satisfied by these co-ordinates. 

Such co-ordinates arc called parametric and the single 
variable is called the parameter. 

Let the equation of the circle be x 2 -j-y 
+ sin* 0 — a' 1 for all values of 
G, the point (r/ cos ©, a sin 9) 
lies on the circle. 

The equations 

x = a cos Q 


« • *\ t 



u 2 . Since or cos 2 0 


y = a sin 0 
are the parametric* equations of 
the circle and 0 is the parameter. 

5*61. To find the equation 
of a chord joining two points Q x 
and 0o 

The chord joining the points 
(a cos 0 V a sin 6^) and (a cos 0 2 , 
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a sin 0 2 ) 


y-a sin 0! • _ COS 01 _ 

a sin 9 2 - a sm eq a cos 0 2 -a cos 0 ! 

i.e., 0 r-a cos 0 ,) cos sin 00 

. 01 + 02 _() 

sin —2 

nQ 0i+G» _l v sin ®i-+®*.=o COS • 

or a; cos — 7 ^ ty s 111 2 2 

5-62. The equation of the tangent at 0 X is obtained by 
putting 0 2 = 0 i- ' 

The tangent at 0 : is x cos 0i + y sin 0j=a. 

The equation of the normal at 0 X is 

x sin 0 j — y cos 0 i=O 


Example 1. Find the equations of the tangent 
normal to the circle x 2 +tr—25 at the point (3, 4). 


and the 


25 


0 . 


The equation of the tangent is 3.r4-4 y- 

The equation of the normal at (3, 4) is 

4 .x — 3i/=4(3) — 3.4=0. 
or 4x— 3i/=0. 

Example 2. Find the equation of the tangent and the nbrmal 
at the point (2, —2) to the circle 


x~-\-y~ — 6x — 3y—2—0 
The equation of the tangent at ( 2 , —2) is 

xx2-fi/(-2)-3(x+2) (y— 2)— 2=0 

i.e., 2x— 2y— 3x— 6 — fy+3— 2=0 
— x — \y — 5=0 
or 2x+7^+10=0. 

The equation of the normal at ( 2 } —2) is 

7 (a? — 2 ) — 2 (^+ 2 ) =0 




7x-2y— 18=0. 
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**+ 5 ^ 2 -* v l F 9 ind n th \ e f atio ™ of the tangents to the circle 
' J X oy—lZ—0 which are parallel to the line 

3x—4y—7=0. 

Any st. line parallel to the given line is 

3x— 4y-f-A=0. 

Q O 4 . . o , t 


Hence J* 2-4x3+* 

rV3 2 +V4 2 

. *=31 or —19. 
Hence tlie two tangents are 

0 and 3z—4y— 1 9=0 


i.e., * — 6 = 4 - 25 



Find the e< 


1 


o 

X- 


*> 

b-'f / 




O 


r/r- 


o 

o , 


,2 ! 


j~ ~p //- — 

abscissa is J(t 


Exercise V (b) 

juations of the tangent and normal to the circle 
= 1 *> at the point ( 2 , 3 ). 

~r '—12 = 0 at the point ( 6 . 2 ). 

Uj; — 4y— 5=0 at the jjoint ( 2 , — 1 ) whose 


4. 



a* 


o 


the equations of the tangents to the circle 


V 2 = 9 which are parallel to the line 5x+ V2y 


6 . 


) 


(P« U . 1938) 

Find the equations of the tangents to the circle 
— 85 which are perpendicular to the line 3 t— 4?/-p5=0. 

(P. U. 1942 ) 

0. Show that an infinite number of normals can be 
drawn to a circle through its centre. (P. U. 1935) 

V Find the equation of the tangent to the circle 
x% t //“ — »j.r — 1 U tj — J o ~ ( ) at the points where x=4. 

S, Find whether the straight line x-\-ij=2\/2 touches 
the circle .r 2 -j y 2 — 2x — 2y-\~ \ = 0 . 

9. Find the value of p so that the straight line 

x eos — ij sin a—p= 0 may touch tlie circle 
r 2 - 4 - ?/ 2 — 2a»r cos 2b y sin a — a 2 sin 2 « = 0 ( 
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- 10 . Find the equations of the tangents to the circle 

x 2j^y%^2x— 4=0 which are (i) parallel (n) perpendicular 

to the line 3a;— 4y— 11=0. ^ 

Intersection of a. line and a circle* 

5 * 3 . Let the equation of the circle and the line be res- 
pectively 

x*+y 3 =a 2 — (J) 

y=mx~\-c *** \^) 

A' point of intersection of a straight line and a circle is 
common to both and hence its co-ordinates must satisfy both 
the equations. Therefore the co-ordinates are obtained by 
solving the two equations simultaneously. 

Substituting the value of y from (1) in (2). we get 

x 2 + (jnx + c) 2 = a 2 

or ,r 2 (l -\-Tft?) -j- 2ctux-{-c 2 ... (3) 

This is a quadratic equation in x , giving two values of x 
which may be real and different, equal, or imaginary. 

The two values of x (say x v and x 2 ) are the abscissae of the 
points of intersection of (1) and (2). The corresponding values 
Vu 2/2 y can he obtained from (2) by substituting x 2 
for x % 

This shows that a straight line intersects a circle in 
two points which may be real and different, coincident or 
imaginary. 

5*31. To find the condition that the line y~mx+c may 
touch the circle x 2 +y 2 = a 2 . 

The line y=mx-\-c will be a tangent to the circle x 2 +?/ 2 =a 2 
if the two points of intersection are coincident, i.e., if the roots 
of equation (3) in the preceding article are equal. This will be 
so if the discriminant of the equation is zero i.e., if 

4 m 2 c 2 — 4 (1-f m 2 )(c 2 ~a 2 )=0 

or a 2 m 2 -{-a 2 — c 2 =0 


or 


C— i&\/ 
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5“ jwt °° nditi0n that ,he » * tangent to tb. 

«o a 5 JL ™ hisLst'sx* r- v „,n vt™ 

that any tangent to a circle is perpendicular to the !Idiu“°of 
the ciicle passing through the point of contact Hence the 

e^S'io'thtmdlnt” 06 “ 1<5 " le C “ trc m "»‘ be 

T'he ceiltie of tile PUVen firr*lp jo (C\ fY\ *j. T , 

piii-ir. r i ° CX1 Lllcie li5 \d ) d) and its perpench- 

line "' llose be 

c 

— S J 1 m - 

As the radius is a. we have 


v l 


— a 


or 


= ±*\/ 1 


m 


5*33. Substituting c=±a</l + m* in the equation of the 
linft, we get * 


[ o 

t- m~ 


y — ino'^a 1 

which is the equation of the tangent to the eir 

for all values of in . m being the slope of the line 


cle x 2 ~\-y 2 =a 


This is known as the equation of a tangent in the slope 
form 

From the above equation it may be noted that for any 
value of m, there are two lines. This shows that t\vo tangents 
can be drawn to a circle parallel to each other. 

Example 1. F nid the points of intersection of the line n — 5x 4 - 2 
and the circle x 2 +y*— 13.i' — 4y—9 = 0. 


The t wo equations are y ~ ox -f 2 
and x ! + y- — 13.i: — 4y — 9=0 

stituting the value of y from (1) in (2) 
x 2 — (5,r + 2) 2 - 1 3x - 4(5.r + 2) -9=0 
or 26.r 2 — 13a;— 13=0 

2a; 2 — x— 1=0 


... ( 1 ) 
... ( 2 ) 


or 


^tC.y X lj X ^ 
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1 

Substituting these values of x in (1) 

y= 7 when x=\ 

and y=~\ when x=-\. ^ ' 

Hence the points of intersection are (1, 7) and ( ■>)■ 

Example 2. Show that the line x-y = 2 ts a tangent to 
the circle x 2 -\-y 2 ^ 2. Find also the co-ordinates of the point of 

cowfflcf i , 

Substituting the value of x from the equation of the line 
in the equation of the circle, we get 

(y-f 2) s -f-2/ 2 = 2 
- or 2w 2 + 4y+2=0 


or 


y 2 +2y + l==0 


^.e., y 


-1 


This gives us only one value of y. The corres 
value of x 9 then is 1. 

There being only one point of intersection i.e., (1, - 
line is a tangent. (1, — 1) is the point of contact. 

The line could be proved to be a tangent to 
showing that the radius of the circle is equal to 
distance from the centre to the line . 

Example 3. Find the 
circle x 2 -ry 2 =25 parallel to 



1), the 





e circle also ' Ify 
the perpendicular 


s of the tangents to the 
3x J r 2y — l=0 . 


Equation of any tangent to the given circle in slope form is 

y=mx±5\/'i-\-m 2, ... (1) 

This tangent is parallel to the line 3x-j-2y— 1=0, 

Slope of the given line=~ 


3 

2 


* * 


m— — 


substituting the value of m in (1), we get 


or 



y — — 1 #±5\/ l+f 

2y=- 3*4:5^13 

\ the equations of the required tangents are- 

2y 5 /sf 13=0 
3r;+2/-5*/13=0. 
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5-33 Intercept on a line cut off by a circle. 

the circle be x 2 +yZ = a 2 

and the line be y~mx +c 

Substituting the value of y from (2) in (1) and simplifying 

(1 + m 2 ) a; 2 +2cmx+(c2— a 2 )= 0 

Let the points of intersection of the line wn • , 

be P (*i, Vx) and Q(x„. y \ Then , 1 ne lth the circle 

equation (3) J 1 nd x *- are the roots of 


* • ^ i ~h~ X>> 


2cm 


r+m 2 aad x > x 2 


C'—a* 
1 -fm 2 


Also P(.r 1; and Q(.r 2 , y . z ) li e on line (2) 


• • lf\ WTj -|— C 

and y» — mx 2 ~\-c 

. by subtraction, we ^et 
Vi !h~ / m(x 1 — ,r 2 ) 


Xow PQ ? = 


C r i *^)““rO/i — y 2 ) 2 

(* 1 -'Z 2 ) 2 +n 2 (*i ~x 2 y- 

( 1 4- mr) f (.i\ + .To) 2 - 4.r 1 To] 


from (5) 


0+0 [ 


4(c 2 — a 2 ) 

(l~fm 2 ) 2 1 + m 2 


] 


..(4) 


••(5) 


1 


-i- m 


- 2 [c 2 m 2 -(c 2 -«-) (1 + m 2 )] 


l+»,2 1 a "' 1+Wi 


)-c 2 l 


PQ = 


o 1 '2 


Vl+»1 2 i « 2 (l-h^ 2 )— C 2 j 


If a 2 (l + m 2 ) — c 2 — 0, then PQ=0. In that case the line 
(becomes a tangent to the circle. 
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Exercise V (c) 


3x 


o 


1. Find the co-ordinates of the points where the line 
2 j/= 0 cuts the circle x 2 +y 2 — 3a5+2y=l (D.U. o ) 

Find the co-ordinates of the points where the line 
y =2x+l cuts the circle x 2 +y 2 =2 and find the length ot the 

chord intercepted. 

3. Show that the line 3z+4*,+ 20 --=0 touches the circle 
= and find the point of contact. {PM *) 

• * 4. Find the condition that the straight line y—mx+c 
may touch the circle (x— A) 2 +(j /*“&) 2 — a ~* ' 

5. Find the equations of the tangents to the circle 
x 2 +y 2 =lQ 0 which are parallel to the line 2x-\-y—§> 

6. Find the equation of the tangents to the circle x 2 +y 2 

=9 which are perpendicular to the line x y 1=0. (PM.) 

7. Find the condition that lx-\-my-tn=Q may touch the 
circle x 2 +y 2 =a 2 . Assuming the condition to have been satis- 
fied, obtain the co-ordinates of the point of contact. 

i 8 Find the condition that the line a cos a + y sin « = 
may touch the circle x--r Find also the point of contact. 

* 9. Find for what value of k will the line 4cX + 3y+k-=Q 

touch the circle 2x 2 + 2 y 2 = 5r. ? (PM.) 


10. Find the condition that the circle x 2 -\-y 2 ~{-2gx~\-2fy 
+c==0 may touch (i) the axis of x, (ii ) the axis of y. 

11. Show that the line y~m(x— a)-\-a\/ \ -\~vi 2 touches the 
circle x 2 -Ly 2 = 2ax, whatever be the value of m. 

r ^2* ) Find the tangents to the circle x^-\-y 2 =§ which are 
inclined at an angle of 60° with the £-axis. 


13. Prove that the line 3x\-f-4H-7=0 touches the circle 
x 2 -]-y 2 —4:x~6y^l2. Find the point of contact. 

14. Three tangents are drawn to the circle x 2 +y 2 — 25 which 

form an equilateral triangle and one of them is parallel to 
X-axis^ Find their equations. (PM . 1933) 

% j 15,/ A circle touches the lines x=0, y=0 and x ,:=r C ; find its. 
equation. 
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5 4. Position of a point w.r.t. a circle. 

Let there be a circle ,x 2 -t. « 2 4- 2a r -l 9 /•„ _l „ _ n 

point P(r V ' h) inSide ’ ° n ’ 0r outside the circle 'The 

point will be inside, on, or outside the circle according „ 5 

distance from the centre is <, ™ > the Sins ^ 

i.e., according as (x.+g^+fy i-f-/)* <, « or >g 2 +f 2 - c 

l ; 6 -’ aCCOrdin § ^•V+yi a + 2j 7 x 1 + 2/y 1 + !? *+/r < -or' 

*- e " accordin g as « , i s +yi*+29* 1 + 2/y 1 + c<,= or > 0. 

This gives us the position of any point w.r.t. a circle. 

It may be noted that the expression on the L.H.S is obtain eJ 

« «* p°int m ini 

5 41. Tangents from a point. 

Let there be a circle .r 2 -f y 2 =a 2 and a point (,r 1; Vl ). 

The equation of any tangent to the circle is 

y—m.v + «,/] + w 2 . 

The point (aq, y ,) will lie on the tangent if 

yi~mx 1 -\-u \J 1 -\-rn~ 


/// - 


or if (y— mXi ) 2 =a s^ +m 2 ) 

or _ if >n%r l s —a 2 ) — 2m.r 1 y 1 -\-y 1 - — a 2 M=0 ...( 1 ) 

This equation is a quadratic in m and gives thereof, in 

general, two values of w, which are the slopes of the two 
tangents from yp. 

The two tangents are real and distinct, co-incident, or 
imaginary according as the roots of (1) are real, equal or 
imam nar v 

e? %. * 

i.e.. according as Liyh/, 2 — 4(aq 2 — a 2 )(y* — a 2 ) >, = or < 0 

i.c., according as .r A 2 ~r!/i 2 — « 2 >, = or < 0. 

i.e.. according as the point (.r ,,//,) lies outside, on or 
inside the circle. 


5 42. Locus of a point jrom whi 
can he drawn to a circle . 



* tangents 
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Let the circle be x 2 +y 2 —a 2 . 

Take any point P(a-- l5 yj. 

The equation of any tangent to the above circle is 

y=mz J r a*Jl+m 2 . 

This will pass through (ar„ »/,) if 


or 


.y 1 =m 1 x+a s /l + m* 

if m s (.v t 2 — a 2 ) — 2x 1 y,m -j-yi 2 —o 2 =0. 


Let m 1 , m 2 be the roots of this equation. Then m lf m., 
the slopes of the two tangents from the point y x ). 

The two tangents are cut perpendicular to each other. 

• «, m* = — 1 

* * o _*> 

V\ — a ~ 
m ,m 2 = — o _ 

1 J Xi — !!*' 


ar 


But 


9 9 


or 


Vy 


- — a 1 


^-1 


xr — a 


n’i 2 -r y 1 2 =2a 2 ; 


Hence the locus of P(.r 1? yf) is ar + y~ 2a . 

This is also a circle having the same centre. 

Example 1. Find the equations of the tangents from (4, 2) 
to th e circle x l + y 2 = 4 * 

The equation of any tangent to the given circle is 


y — m x 4^ 2 \/ X 


m 


This passes through the point (4, 2) if 

2 = 4m±2v/l + ™ 2 
if (2-4 j»)*=4(1+w*) 

or if 4 + 16m 2 — 16m— 4-|~4m 2 

* 

or if 12«t 2 — 16»»=0 or if m= 0, ,or m- 
(i) When m= 0. the two tangents are given by 

2 /=± 2 . 

* 4 

The point (4, 2) lies on the tangent given by the +ve sign. 


4 

3 
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ve sign. 


(it) W hen m~ the two tangents are given by 

y=ix±2^/T+hf 
or 3y=4.c±10. 

The point (4. 2) lies on the tangent given by the - 
ence the two tangents from the point (4, 2) are 

y=2 and 4.r— 3y -10=0. 

The above equation can also be found in another way. 

An\ line through the point (4. 2) is given by 

y—2 = m{x — 4) 

01 7nx — y — 4m+2=0 

_ If v hl f 11 V e ls a tan gent to the circle x*4-ifl=± h 

perpendicular distance from the centre (0 0 ) to ’ t ie 

be equal to the radius of the circle J he lme must 


l .€ . , 


L 9 


— 9 


V 1 T 7U 2 

or ( — 4t/i -I- 2} 2 =4( l -f ?n 2 ) 

or 12m 2 — 16w?= 0 i. e ., m=0, or 

The two tangents are 


m = 


4 

3 


and 


or 


4.r— 


y — 2=0 

y—-—i (x 

3y— 10 — 0. 


4) 


5 - 43 . The equation of the chord of a circle when the 

point of the chord is known. 

Let X(//. k) be the mid-point. Let the 
equation of the circle be r^f t/ 2 = « 2 . 

Also Let P(.r,, ;/,) and Q(.i\, y 2 ) be the 
end points of the chord. 

The equation of any line through (A, h) is 

y — li=z»iix~fc) ,..(1) 

where the value of tn is to be determined. 

V 1 ~ // 2 


mid 


But 



;/? — 


a*i — r.. 



Z/i) and Q(a’ 2 , j/ 2 ) lie on the circle 
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HI 


• * 


*i 2 +yi 2 =« 2 
and #2 2 +3/2 2=a2 

/, By subtraction (.r 

Vi — ?/■> 

or t ^ 

X, — X, 


. 2 
1 


X 


2 2 ) + (2/1 2 

B gj+ttg 

»rfy 8 


^2 2 )= 0 


*1—^2 yrry 2 

And as N(&, &) is the mid-point of P, Q 
i.e., x j and yi+y 2 — 2& 

2/i— 2/a __ 


m~ 


x 


• * 


2’x .^2 

The reqd. equation is 

k — - — (x—h) 


% l+%2 

y 1+2/2 


h 

k 


y 


k 


or hx+ky=^h 2 +k 2 . 

Note, y/ws method of finding the equation of a chord in 
terms of its mid-point is general and can be followed in the case of 
all second degree curves. But in the case of circle the equation can 
also be found by using the property that the line joining the mid- 
point of any chord to the centre is perpendicular to the chord . 
This fact will help us in finding the slope of the chord . 

5*44- The locus of the mid-points of a system of parallel 
chords of a circle. 

* 

Let the circle be x 2j ry 2 =a 2 *•*(!) 

Also let PQ be one of the chords of the parallel system of 
the circle with N(a^, yf) as its mid- point. 

Let m be the slope of the chords of the system. 

Equation of PQ in terms of its mid-point (# 1? yf) is 

a 

xx .\+yyi=xi-\-y-L 


Slope of PQ 


x 1 

Vi 


But the slope is given to be m 


x 


Vx 


1 

- 1 — = m or x x + my l = 0 


• » The locus of 2/i) is x~\-my^zQ* 
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This is a straight line passing through the centre (0, 0). 
It is also perpendicular to the system of parallel chords. Hence 
the locus of the mid-points of a system of parallel chords of a 
circle is the diameter perpendicular to the chords. 

Exercise V (D) 


1. Find the equations of the tangents from 

( i ) the point ( — 5, 0) to the circle whose radius is 3 and 

(1941) 


the centre is at the origin 


( ii ) from (4. 5) to the circle x 2 ~\~y 2 ~ Ax — 2y+ 1 =0. 

2. Find the equation of the chord of the circle x 2 + y 2 ~ 16 
whose mid-point is (3, 2), 

3. Show that the mid-point of the chord cos <x-\~ y sin a 
— p of the circle x 2 -\-y 2 --a 2 is (p cos a, p sin a). 


4. Tangents are drawn from a variable point P to the 
circle x 2j ry 2 ==a 2 . If Q u 0 2 are the inclinations of these 
tangents, find the locus of P if, 


(i) tan ©i + tan Q 2 — k v 
(H) tan 9 1 . tan © 2 — 1c 2 
(Hi) cot ©I - ," cot ©2=7^3. 



circle 


o 


X“ 


Find the locus of a point, tangents from which to the 
4- y 2 =a 2 are inclined at an angle a. 


Chord of Contact. Pole and Polar 


55. Def. T <ie chord of contact of the tangents from a 
p . int P to a circle is defined as the line joining the points of con- 
tact of the two tangents drawn from the point to the circle . 

It may be noted that as real and different tangents can be 
drawn only from a point outside the circle, a chord of contact 
is defined only in terms of a point outside the circle. 

5*51. The equation of the chord of contact. 

Let the circle be x 2 +y 2 =a 2 and a point P(V, y*) outside 
the circle. 

Let PTi and PT 2 be the tangents to the circle from P, 
(*i» 2/i) alK * ( a *2> Vd ^ ie co-ordinates of Tj and T 2 respectively. 
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Then =n of Tj P , the tangent at T x is 

%%1+yy^a 2, *••(!) 

and that of T 2 P is ^r 2 + y# 2 =a2 •••(-) 

But both the tangents pass through P (x\ y '). 

v'xi+y'Vi^a, 2 ...(3) 

and x'x 2 + y'y 2 =a 2 ...(4) 

/ Equations *(3) and (4) show that the points (x u y x ) and 
(x 2) 2/a) he on the line whose equation is 

xx' + yy'=a 2 ...(5) 


This is the required equation of the chord of contact of P. 

Note 1. The equation of the chord of contact of tangents 
from (x\ y f ) to the circle x 2 +y 2 4-2gx J ~2fy-\-c=0, can be 
obtained in the same manner* The equation will be 

xx' +yy' +g(x+x')+f(y+y')-i-c=Q. 

Note 2. The equation of the chord of contact of the 
tangents from any point (x\ y') is of the same form as that of 
the equation of the tangents at {x\ y '). Hence the equation 
of the chord of contact of the tangents is written down with 

the help of the- same working rule as for the equation of the 
tangent. 

5*52. Def. The polar of a point P with respect to a circle 
is the locus of the point of intersection of tangents drawn at the 

extremities of chords through P. The point. P is called the nole 
of the polar. 

5‘53. The equation of the polar. 



Let the circle be x 2 +y 2 =a 2 and Pfo, yf) any point inside 
or outside the circle. 

Let any chord through P meet the circle in A and B 
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Also let Q (x\ y) be the point of intersection of the 
tangents at A and B. ■ 

Hence AB is the chord of contact of tangents from 
Q(V, y') to the circle, and, therefore, its equation is 

xx -\-yy f =a 2 . 

But the point P(a* 1; y x ) lies on it, 

xix'+Viy ' =« 2 

/. The locus of (a*', y) is xx x -f yy x = a 2 . 

Similarly it can be proved that the polar of (x l9 y x ) w.r.t. 
the circle 

-f t f -f 2gx -f 2 fy + c = 0 
i.e., xx 1 +yy 1 +g(x+ x 1 )+f(y+y l )+c=0. 


Note 1. The form of the equation of the polar of a point 
is the same as that of the equation of the chord of contact and 
hence can be written down bv the same working rule. 

Ms J 

Note 2. IfP lies on the circle, the polar of P will coincide 
with the tangent at P. IfP lies outside the circle, the polar of 
P will coincide with the chord of contact of the tangents from P. 


5*54. The pole of a line. 

Let the circle be ar-f -y 2 — a- ...(1) 

and the line lx+my+n— 0 ...(2) 

Let the co-ordinates of the pole of the line (2) be (.iq, y x ). 
The polar of (aq, y x ) w.r.t. the circle x 2 + y 2 =a 2 is 

+Wi ~ a2 

o r xi\ -f- yy x — a 2 = 0 • • • (3 ) 

But (1) also represents the polar of (aq, y x ). 

equations (1) and (2) represent- the same straight line. 


Comparing co- efficients, we get 

?/i 

/ , m n 


or 



a-m 

n 


Hence the pole is 


V n 


—a-m 

n 
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5'55. Conjugate points and lines. 

(£) Jf the, polar of a point P passes through another point Q , 
the polar of Q passes through P. 

Let the co-ordinates of P and Q be respectively (x l9 y A ) and 

(•^ 2 j y 2 )* 0 

The equation of the polar of P w.r.t. the circle x 2 f~y 2 =a is 

xxx+yyi^a 2 ...(i) 

The point Q(%, yf) lies on it, 

^i' r 2 + •••(2) 

Now the polar of Q is 

xx 2 + y 7/2 ~a 2 • * • ( 3 ) 

On the basis of the condition ( 2 ), line ( 3 ) passes through 
P(x lt 2/1), which proves the proposition. 

These two points such that the polar of each passes 
through the other are called conjugate points . 

({£) If the pole of a line lies on another , the pole of the second 
line lies on the first. 

* * t 

Let the two lines be 

Z 1 ^-fwi 1 y+%=0 
and Ux + m 2 y + % — 0 

The pole of ( 1 ) u\ r. t . the circle x 2 +y 2 

— a, 2 ^ 

*1 ’ 

and that of (2) is ( — — 

\ n 9 


- a) 
•• ( 2 ) 


a 0 is 


2 


a‘m x \ 


n 


a 2 m 
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If the pole of ( 1 ) lies on ( 2 ), then 

—aHM , —ahnpn 2 . 

1 -t- 1 +n 2 =0 

Ui 


or 


a 2 hh + a 2 m 1 m 2 — n ± n 2 = 0 


But equation ( 3 ) is the condition that the pole of (2) lies 
on (1). , - 

These two lines such that the pole of each lies on the 
other are called Conjugate lines. 
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5 ‘5 6. Inverse points. If the line joining the centre 0 of 
a circle to a given points meets the polar of. P in Q , then P and 
Q are called inverse points iv.r.t. the circle . 

It can be easity proved that OP. QQ=(radius) 2 . 

Let the circle be x 2 -\-y 2 =a 2 and the point P be (.t 15 y ± ) ; 
Centre 0 is (0, 0) 

• r * CP = \Ar 1 2 +y 1 ^ 

Polar of P is xx^+yy^a 2. 

As OP the polar of P 


« * 


OQ = perp. from O to the polar 


a 


* 

« * 


OP.OQ = Jxf j-yf. 


a 


J x \ -f Vi- 


a 2 = (radius) 2 


Exercise V (E) 


1. Find the polar of the point 

(t) (0, 6) w.r.t. the circle x 2 \-y 2 — 4r — — 4 
(ii) 2,-7 w.r.t. the circle x 2 +y 2 — 9. 



3. 

circle x 


Find the pole of the line 

(i) .r+y+3=0 w.r.t. the circle £ 2 +?/ 2 +frr+8y-f 5=0 
(ii) x cos a-i - y sin a=p w.r.t. x 2J ry 2 ~a 2 

Find the locus of the point whose polar w.r.t. the 
2_ r£/ 2 +2a.r=0 touches the circle x 2 -(-z/ 2 =a 2 . 


* 4. The chord of contact of tangents drawn from any 

point on the circle x 2 +y~— a “ to the circle .r 2 +?/ 2 =6 2 touches 
the circle x 2 ~~y 2 — c 2 . Show that a, b, c are in G. P. (1950) 

5. Prove that the distances of two points from the centre 
of a circ le are proportional to the distances of each from the 
polar of the other. [Salmon’s Theorem] 

6. If the polar of two points P, Q w.r.t. a circle meet in R, 
show that R is the pole of the line P Q. 
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v 7. The polar of a point w.r.t. the circle x 2 +y 2 ==a 2 touches 
the circle 4(z 2 -f-i/ 2 )=ci 2 . Show that the point lies on the 

circle x 2 -\ -2/ 2 =4a 2 , 

8. Show that the polar of the origin w.r.t. the circle 

x 2 -\-y 2 -\-2gx+2fy+c=0 touches the circle x 2 -{ -y 2 —ar if 

c 2 =a 2 (f 2 +g 2 ). 

9. Prove that the locus of a point which moves in sucli 
a way that its distances from two fixed points are in constant 
ratio, is a circle. [This circle is known as circle of Appollo- 

nius]. 


CHAPTER VI 


THE CIRCLE (Contd.) 


6*1. Intersection of two circles. 

section of two circles are obtained by solving 
simultaneously. 



and 


x~-\-y 2 — 3.r — by — 4=0 
.r 2 A- y 2 — I lx — 1 1 v+ 48 = 0 


Subtracting (2) from (1) 


or 


or 


S.r-|- 6y— 52=0 
4:r--3?/ — 26=0 
26—4# 


y 


3 


Substituting the value of y in (1); 

26 — 1 x y* 2 _ / 26 

3 ~J ~ 


•r 2 + 


Sx 


3 


or 

or 

or 


9x 2 +(26 — 4.r) 2 

o > - 


O 


ztx- 

175^+250=0 


o ^ I 

r-— /.r- 


10=0 he. .t= 5 or 2 


Substituting the values of x in (3), we get 

y = 2 when x — 5 and y = 6 when x = 'l 

\ the points of intersection are (5, 2) and (2 

6*11. Let S 1 =.r 2 +// 2 +2g l .r+2/ 1 y+c 1 =0 

S £ = .r 2 + if + 2 g,x + 2/ 2 y + c 2 = 0 

be two given circles. 

Consider the equation 

S,+ ?\S 2 — o 


of inter- 
equations 


Example. Find the points of intersection of the circles 


4=0 


15(26 — 4 a;) — 36=0 


,6) 


...( 1 ) 

...( 2 ; 
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i.g., (1 + 7 \)x 2 + ( 1 + ?\ )y 2 +2(01 + A5f 2 )- r + -( ’ f i + ^ Cl "tJo * 

This is an equation of the second degree in which 

(t) co-efficient of x 2 = co-efficient of y* 
and (H) there is no term containing xy. 

Hence this equation represents a circle for all ' a ues o 

Moreover the co-ordinates of a point that satisfy b 

O _o and So=0, also satisfy S 1 +AS 2 — 0. 

Hence S 1+ k=0 repress a circle firoufl lire 

moints of S,=0 and S. 2 =0 whatever 1\ be. . 

6-12. It can similarly be shown that if S=0 ^ a^circ e, 

and w =0 is a straight line then SH-^t^-0 is a g of £ 

the points of intersection of S=0 and u—v, ioi a 

6 13. Common chord of two circles. Let the equa ion o 
the two circles be written in the standard form 

S , =z 2 +& 2 + 2<7 i* + 2/,y+Ci= 0 
S 2 sr ! +r +2<7 2 .t+ 2/,?/ + c 3 — 0 


Then S, — S 2 =0 i.e., 2(0i — g»)x+2(fi /ai^Tpi C-2 .. 

bein- an equation of the first degree represents a straight ^ 

tfe ?wo Sk Li hence represents their common 

Note 1 The equations Sj+ASo^O and S^Au— 0 
only one* parameter 7\, a circle through the. P»mte of . .ntoj 

.section of S 1= 0 and S 2 =0 or S=0 and «=0 is umqueh 

if we are given one more condition about it- 

Note 2 The general equation of a circle passing through 
the po^s of intersection oflvo circles 8,-0 and 8,-0 can also 

be written as S 1 +A(S 1 ^ 2 ) 

This method of writing the equation of a f s 

through the points of intersection of two circles sometimes saves 

tedius calculations* 

Example 1. Find the equation of the circle through the points 
of intersection of the circles 

x 2 -\-y 2 +2x+3y—7=0 
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and x2 +y 2 +3x-2y-l=0 

and through the point (7, 2). 

given T cfrc e ies U is 10 " ° f ^ ° irCle throu ° h the intersection of ^ 

(* 2 + y 2 + 2x + 3y - 7 ) A (x 2 + y*. 4. 3a; - 2y - 1 ) = 0 . 

This circle passes through (1. 2). 

(1-7-4+24-6— 7) + a(1+4 + 3~4-1)=0 

or A =— 2 

. . the required circle is 

( x- 2 + y 2 + 2.r + 3 y - 7 ) - 2 ( x 2 + y 2+ 3 * - 2 y - 1 ) = 0 

or ■' > -' 2 +y 2 +4x-7y-j-5=0. 

Example 2. Find the circle which passes through thi 
common points of r “ ini 

x*+y 2 + 3x+2y-14=0 
and * 2 +y 2 +4x~4y~4 = 0 

and has its centre on the line x-\-y=S. 

The equation of the common chord of the given circles is 

x— 6y+]0=0. 

The equation of any circle through the common points 
of the given circles is 

**■ + y ' i + 3 x + 2 y - 1 4 + A ( . 1 — 6 y + 1 0 ) = 0 . 

Centre of this circle is 


f _ ® + A 

V 2 : 
If this lies on x—y~S, 


2-6 A 
2 ' J 


3 — ?v 


2 — 6A 




—b 


or 


• « 


or 


— o — 5A=1C or 7\~h l 
The required circle is 

**‘ 2 -r ?/ 2 4- 3,r + 2ij — 1 4 + V (.r - i\ij + 1 0) 
5 (*r 2 -f li 1 ) + 3 6x — 1 16.?/ + 1 40 = 0. 


0 


6 14. Touching circles. Two circles are said to touch each 
other if their two points oj intersection become coincident , The 
common point is said to be their point of contact . 
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/ 


0 


...(3) 


+ hat the DO i n t of contact is colhnear with the 

We know that tne poinr u tJie 

centres of the two circles. Thus two ™ cle difference of 

second case it is internal. 

Example. Show that the circles z 2 + if- 2x rj y 7 tt 
x *+™-£-6y+ll-=0 touch. Find also the point sf contact. 

The two circles are 

x*+y 2 — 2x— 3=0 

and a;2 +2/ 2_4a:-6i/ + ll=0 

Subtracting (2) from (1) 

2x-\-2y— 14=0 or x^y 
or y=l-x 

Substituting this value of y in (1) 

x i _|_ (7 — x) 2 — 2x — 4 (7 — x) — 3 = 0 

or 2x 2 — 12x + 18=0 or x 2 ~ 6x-f9= 0 

which gives only one value of x i.e., 3. 

/, The two circles touch. 

Substituting the value of x in (3), we get y— 4. 

* The point of contact is (3, 4). 

The two circles can also be found to touch each other y 
using the property stated above. 

The centres of the two given circles are (1, 2) and (2, 3). 

The radii of the two circles are and y/2. 

• The distance between the two centres 

= (3 - 2) 2 = \/ 2 

This distance is equal to the difference of the two radii. 
Hence the given circles touch each other internally. 

The point of contact divides the segment between the 
--- Ip the ratio ^8 . y 2 

J 8-3— 2^/2 

VB-V2’' 

or —(3,4). 


o centres 



/V'8X2 

Its co-ordinates are ^ »J 8- 


V 8 - V 2 
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Exercise VI (A) 

h + a F ii^ le T h f ? e 2 common chord of 

y +ax±by+c =0 and arH/+&.t+ay+c=0. 


the circles 


inters^ctionof^heTdes 011 ° f ^ drcle throu ° h ^pointe of 


*■ -r y 2 + 2.r + 3 y -7=0 

!y~l=»0 


and x 2 -j- y- -f- 3 x ° 

and through the point (1,2). ( m2 

noint!' of F !" d t 2 he o CilX '! e which P asses through the common 
has its centre on the line x+y=8. 9 V nd 

4 . Show that the following circles touch 
(?) x- + 1/ 2 — 4 .r -{- 63/ -f S = 0 and x-~\-y-— 10z— 6 ?/-j- 14=0 

. (. P.U.) 

(??) a--L y~-\- 2 x~ 2 y 4 - 1 =0 and .r 2 +?/ 2 — 4a:— 6 y~ 3=0. 

(P.U.) 

■ Tlle 1 > n r e x cos a +y sin a :=p cuts the circle a: 2 +?/ 2 =a 2 

described on S '\IY and l X ' S [ imv . that the equation to the circle 
utsciioeci on lUA as diameter is 


! p*—a*-2p(x cos a -f- y sin a 
6* Show that the circles 


P) 



and 

touch if 


‘ t “ + Z/ 2 + 2ax-\-c 
* 2 +tf + 2by+c 


0 

0 


1 


a 2 


1 _ 1 

6“ r 


/ . Kind the equation of a circle 
intersection of *r 2 -f y*=i an d x'- + i/-2x 
ing the line x+2y==0. 


{1949) 

•ough the points of 
-(-1=0 and touch- 


ORTHOGONAL CIRCLES 

6 2. Angle of intersection of two circles. The angle of 
into section of two curves 2 s defined as the angle between the 
tangents to the curves at the point of intersection . Hence to find 
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i ^ntprsection of two curves, we have 
tangents at the points of intersection of the' two 
then find the angle between the two. 


to find the 

curves and 



In the case of two circles, however, 
a simplified process can be followed, lhe 
tangents to the two circles are perpendi- 
cular to their respective radii and < 
such the angle between the tangents 
equals (or is supplementary to) the an a 
between the radii. 


6*21- Tbs angle of intersection of the circles- 

a 2 + V 2 ~r - 9 i * + 2/i V ~r c i = 0 

an d x 2 +y 2j r^g2^ + ^fzy-r c z~ () 


...( 1 ) 

...( 2 ) 


Let the circles (1) and (2) intersect in P and let c, and 
be their centres. Now the co-ordinates of c x and c 2 are 

(-g v - fi ) and (-?a> — /*) 

Join c x c 2 , c x P and c 2 P. 

Now c x Po 2 is the angle of .intersec- 
tion. Let it be equal to 0. 

C 1 P 2 + C 0 P 2 '" C 1 C 2 2 
Now cos 9= gcjP.c^ 



But 


c, P 2 
c 2 P 2 


and 


* * 


C l C 2 


COS 0 


2 _ 


gi 2 +/l 2 -C! 

?2 2 +/: 2 2 — C 2 

(^2 — J7i) 2 + (/z 

<7i 2 +/i 2 — Ci+ gg^+A 


2 - c 2 - (g, - gif - (h — /i ) 


2 r/ 2 


2<7iS r 2 + 2 / 1/2 " c i C i 

2r x r 2 


where r, and r 2 are the radii of the two circles. 
Cor. If 0=90 cos 0 =0 and therefore 

2s r i?2+2/ 1 / 2 — C(— ^2=0. 


4 


are said to 




94 

CO-ORDINATE GEOMETRY 

6 22. Orthogonal circles. Two circles 
orthogonal if they intersect at right 
angles. 6 

In this case the angle between the 
two radii will also be a right angle 
and hence each radii will become the 
tangent of the other circle Hence 

PC 1 2 -fPC, 2 =C 1 Co 2 

or ?, 2 4-r. 2 =d 2 . 

* * W 

\ 

, P 1 } tbe basi f of the above result we can find the 
condition that the circles 

• • T2 +r+2fl' 1 .r-f-2/,?/+c 1 =0 

and x-+y~ + 2g 2 x+2f 2 y+c 2 =0 

may intersect orthogonal! y 

w %, * 

li r 2 radii of the two circles and d the distance 

between the centres, then 


}• 2 

' 1 


and 


-9i 2 +f 1 2 ~c 1 

>' i= ( Ji-rU 2 ~c 2 

d2 =(9i-92) 2 +(A-f 2 ) 2 
The two circles are orthogonal if 

d 2 — 1\' -j- /•„- 

i.e., if. (9i~92> 2 +(.fi ~/ 2 ) 2 =(g 1 2 +f l 2 —c 1 ) + (ff 2 2 +f 2 2 —c 2 ) 
orif 29 , 9 s + 2 fJ 2 = Cl -i-c 2 ■ 

This is the required condition. 

Example 1. Find the equation of the circle , centra ( 3 , — A 
which cuts the circle x 2 +y 2 =l orthogonally . 

The centre of the given circle is (0, 0) and its radius^l. 
The centre of the required circle is (3, — l) t 
Let the radius of the required circle be r. 

As the two circles cut orthogonally, 

r 2 + l 2 =3 2 + l 2 or r — 3 
The required circle is 

( x _3)3 +(2/ + 1)2 = 9 

x * 2 + V~ ~~ br + 2y + 1 -= 0 


or 
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Example 2. Find the equation of the circle which cuts 
orthogonally the circles 

x 2 + y l — 4%-\-2y J r- 1=0, 
x 2 +y z +8x — 6y-\- 7 = 0 
and x 2 +y*+6x—4y+9=0 . 

The centre of the 1st circle is (2, — 1), and radius 2. 

The centre of the 2nd circle is ( — 4, 3), and radius 3y/2. 

The centre of the 3rd circle is (—3, 2), and radius 2, 

Let the centre of the required circle be (x v y x ) and its 
radius r 4 

V This circle is orthogonal to all the three given circles, 


m 

* • 

(x 1 -2) 2 + (y 1 -rl) 2 - 

:4-f-r 2 , 



(^+4) 2 +(2/ 1 -3) 2 - 

:18+r 2 , 

• (2) 

and 

(*,+3) 2 +( yi -2) 2 = 

-4+f 2 

...(3), 

Subtracting (1) from (2) 




12aq — 8^+20 = 

-14 


or 

6.t^ — 4 y + 3 — 

= 0' 

..,(4). 

Also subtracting (3) from (2 

) 



2x 1 — 2y x + 12 - 

= 14 


or 

xi-yi- 1= 

=0 

...(5),. 


Solving (4) and (5) for x x and z/ ]f we get 

x x _ y\ _ 1 

4+3 “3 + 6 “ - 6+4 

or #i -= — it yi= — z 

Substituting these values of (x v y x ) in (1), we get 

r 2„ 2 7 
I — 2 

* 

/. the required circle is 

(x+l) 2 +(y+ t) 2 =¥ 

x 2 -\-y 2 -\~lx\ 9 ?/— 6=0. 



or 
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RADICAL AXIS 


6 3. Power of a point w r.t. a circle. 

Let there be a circle .r 2 +V + 2gx-i-2f v + c =0 
Vi)- Lake any line through 
P with inclination 0. Then the 
equation of the line is 


a point 


X — ^1 _ y—J': = 

cos 9 sin 9 1 


.. (ii 



X — X\~\-T cos 9 
and ?/ = '/i-)- sin <9 

for any point (.r, y) on the line 
at a distance r from (aq, y^). 

If this point lies on the given circle, 

then (x x +r cos 9) 2 +{y x +r sin 9) 2 +2g(x x + r cos 9) 

+ 2/Pq + r sin 6) + c=0 

cos 9-\-(y l J r f) sin 9} r 

+ (*i® + lh 2 + 2qx i + 2///! -f c ) =0. 

The two roots of this quadratic in r are the segments PR 
and PQ. 


or 


? 2 


i' Q.PR = a* 2 + y x 2 -f 2g x x -f 2/py 


c. 


This value of the product PQ.PR is independent of 9 , and 
hence is constant for any given point. This product is defined 
as the power of the point w.r.t. the given circle. 

If Q and R coincide, (say at T), the secant PQR becomes 
tangent PT to the circle. 

Then PT 2 = + ?/ , 2 + 2 gx x + 2fy x + c- 

which gives the length of a tangent to a circle from a given 



6 31* Radical Axis of two circles is defined as the locus of a 
point whose powers w.r.t. the two circles are equal . 

It may also be defined as the locus of a point tangent from 
which the two circles are equal. ( 

6*32. Let there be two circles 

2</ 1 z+2/,y + c 1 =0 ...(1) 

2 


x 2 j ry 2 

x 2j ry 2j r '-g^x + 2 / 2 2 / +c 2 — 0 ...(2) 
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Let there be a point P(x, y) on the radical axis of the two 
c i roles - 

• • p is a point on the radical axis of the two circles, 
power of P w.r.t, (1) — power of P w.r.t. (2) 
i.e., x 2 +y 2 + 2 < 7 jX + 2f x y + c x =x 2 +y 2 + %!h x + -f id + c 2 
or '2(gi—g 2 )x+2{fi—f 2 )y+ci—c 2 =0, ... 

which is the equation of the radical axis. This equation is of 

first degree. Hence it represents a straight line. 

Note 1. The equation of the radical axis of two given circles 
is obtained by subtracting one equation from, the other after making 
the coefficients of x 2 and y 2 in the two equations equal 

Note 2. It may be observed that for two intersecting ciicles 
the radical axis is the common chord of the circles. In the case of 
touching circles the radical axis is the common tangent. 

6 33. Radical centre of three circles. 

Let the equations of the three circles written in the 
standard form be S^O, S 2 =0, S 3 =U. 

Then the equations of their radical axis, taken in pairs, are 

S 1 -S 2 =0, S 2 — S 3 — 0, S 3 — S 1 =0. 

The third may be written as 

(Si-S 2 )+(S 2 -S 3 )=0 

which shows that it represents a line through the point of inter- 
section of the first two, 

Hence the three radical axes of three circles, taken in 
pairs, are concurrent. The point of concurrence is known as 

the radical centre of the three circles. 

Exercises VI (b) 

1. Find the length of the tangent from (2, 5) to the circle 

x*+y*—-2x—3y—l=0. (DJ2./S. 1946) 

2. Show that the following pairs of circle are orthogonal. 

(i) x 2 +y 2 —2ax+Jc 2 —Q and x 2 +y 2 —2by— 

(ii) x 2 +y 2 — 4x~ 6y — 12 = 0 and x 2 +y 2 +6x+4t/— 12=0. 

1 ' * (1945) 

3. Find the equation of the circle which passes through 
the origin and cuts orthogonally each of the circles 

x 2j ^-y 2 — 8y-f 12=0 and x 2 ~\-y 2 — 4#— 6y— 3~ 0. 
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and passes 


4 . Find the equation of a circle which cuts orthogonally 
the circles x 2 -f?/ 2 -4x + 2>/+l=0, x* + if -f S.t - 6y 4 - 7 = 0 and 
v 2j ry 2 -{-(>x— 4y+9=0. 

*5. A circle cuts x 2j r y 2 =4: orthogonally 
through (1, 3). Find the locus of its centre. 

6 . Find the radical axis of the following pairs of circles 

(i) 3{x* + y 2 ) + 2xi-y-4:=Q and 2 (^+^) + 10x-7y-100 

=0 

(n) a? 2 + 2/ 2 + «ia:+ 6 «/+c =0 and x 2 +y 2 +bx^ r ay-[-c = 0 . 

(P.17.) 

(in) x 2 +y 2 +4x— 4y+7 — 0 and a; 2 +y 2 — 6x J r 2y — 3=0. 

7. Find the radical centre of the following circles 

(i) x 2j r y 2 +l la: + 5y + 7=0, x 2 + y 2j rl3x-i-6y + 2 = 0 and 
x 2 4 - j/ 2 4- 1 7 a; + 3 y — 3—0. (D.C7. 293S) 

(ii) a: 2 + y 2 — 1 = 0 , x 2 + y 2 — 4x + 6 y -f- 2 = 0 and 

a*+i;*-8c4-l2y + l=9 (79/6) 

8 . Find the circle which cuts orthogonally the circles 
x 2 -)- jy 2 4*3.r+5y + 7 -=0 and x 2 -+-y 2 -\-x — y — 1—0 

and has its centre on the line 3#+2y+5=0. 

Revision Exercise II 

1. Find the equation of the circle which passes through 
the points ( a , 0 ), ( — a, 0 ) and ( 0 , b ). 

2. Write down the equations of the tangents to the circles 
x* -j- w 2 == * 2 a.r # x 2 -\-y 2 — 2by at the points of intersection and verify 
that they cut at right angles. 

V " ' w 

3. Show that the common chord of the circles 

x 2 -\-y 2 — $x — dy + 9 = 0 and x~ ~\~y~ — 8 r — 6y-f"23=0 

is a diameter of the latter circle. 

4 . Find the co-ordinates of the middle point of the chord 
Ix + my— 1 of the circle 

x 2 ^y 2 +2gx+2fy+c=0 

5 . Prove that the equation of the circle having for dia- 
meter the portion of the line 

x cos «-f y shi a — V 

intercepted by the circle x 2j ry 2 — a x is 

x 2 -\-y 2 — 2p (.r cos « + y sin a— p) — a 3 — 0 
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6 . Prove that the equation of the circle circumscribing 
the triangle formed by the lines x+y=6, 2x+y = 4 and 
z~2 y=5 is x*~Yy 2 — 17a:— 19y+50=0 

7 . Find the equation of the circle whose diameter is the 
common chord of the circles 

and 

x 2J r ?/ 2 +4£ , + 3y+2 = 0 

8. Find the locus of a point which moves so that the 
sum of the squares of its distances from n fixed points is con- 
stant. 

9 . Find the equation of the tangent to the circle 

x 2 j r y 2_ a 2 a t the point (a cos 0, a sin 6) and show 

that the length of the tangent intercepted by the lines x 2 — y 2 ~0 
is -t;2 a sec 29. 

10 . Prove that the two circles which pass through the 
two points (0, a) and (0. — a) and touch the line y~mx-\-c } will 
cut orthogonally if c 2 — a 2 (2 + m 2 ). 

11 . Find the general equation of all circles any pair of 
which have the same radical axis as the circles 

x 2 -f 2 / 2 = 4 and x 2 +i/ 2 4-2x4-4y = 6 

12 . Prove that the polars of the point ( 1 , —2) with 

respect to the circles whose equations are 

x 2 -\-y' 2j r&y + 5 = 0 and x' 2 + ?/ 2 +2.T + Syd-5=0 

coincide Prove also that there is another point the polars of 
which with respect to these circles are the same. Find its 
co-ordinates. 

13 . Prove that the polar of a given point with respect 
to any one of the circles x 2 -\-y 2 — 2kx-\-c 2 =0 where k is vari- 
able, always passes through a fixed point, whatever be the 
value of Jc. 

14 . Tangents are drawn from the point (h, Jc) to the circle 
x 2j ry 2 —a 2 , prove that the area of the triangle formed by them 
and the straight line joining their points of contact is 

a(h 2 -rk 2 — a 2 )f 

— W+W) 
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15. lind the equation to the circle whose centre is at the 
point (<*, /?) and which passes through the origin and prove that 
the equation of the tangent at the origin is 

ax-\- (3 y = 0 


16. Two circles are drawn through the points ( a 9 5 a) 
and (4a, a) to touch the axes of y. Prove that they intersect 

- 1 40 

9 * 


at an angle tan 


17. If y = mn be the equation of a chord of a 
whose radius is a, the origin of co-ordinates being one 
of the chord and the axis of x being a diameter of the 
Prove that the equation of a circle of which this chord 
diameter is 


circle 



circle, 
is the 


( 1 ~ m?) ( x 2 + y 2 ) — 2a \x 4- my ) = 0 - 

18. Pi nd the value of c in order that the two circles 

x 2 4- y l + 6.r — Sy + c = 0 and 
a ,2 + // 2 = 16 may touch. 


19. Sh ow that two circles 

x 2 -\-y 2 — 4x — 2 y — 4 — 0 and x 2 + — 2x — 2y — 2=0 

touch each other, and find their points of contact. 

20. If the polar of a point P with respect to a circle with 
centre C, meets CP in P 1 , then CP. CP 1 —(radius) 2 . 


21. Find the polar triangle of the circle z 2 -\-y 2 — 4 whose 
one vertex is (1, 1) and the second lies on Sr+J/^O. 


22. The polar of the origin u\r.t . the circle 

x 2 _q _ ^2 _q_ 9gx -|- 2fy -f c = 0 touches the circle 
x 2 +tf=a 2 if c«=a* (f*+g*) 

23. Sh ow that the circles 

x 2 -ry 2 +2ax+c — 0 and i/ 2 +26x+c = 0 

touch if — \ = (P.U. 1942) 

a z cr c 


CHAPTER VII 

PARABOLA 

7-1 Def. A parabola is the locus of a point which moves so 
that its distance from a fixed point is equal to its distance from a 

The fixed point is called the focus of the parabola and the 
fixed line its directrix. 

7’11. To find the equation to a parabola with any point S 
(a, b) as focus and any line lx-\-my-\-n = 0 as the directrix. 

Let P (x, y) be any 
point on the parabola and 
PM the J_ from P on the 
directrix. 

• Then by def., SP=PM 

(i) 

Now SP 

\/{x— n) 2 + (y—i>Y 


PM— 


Ix + sny-P n 


',J l 2 -fm 2 

Substituting in (i), we get 

(l 2 +m 2 ) { (x—a) 2 -\-(y — b) 2 } 
is the required equation. 






Sici, v-J 


(Ix+my'+n) 2 * 


(it) 


F sample. Find the equations to the parabolas whose focus 
and directrix are : — 


(a) (1, 1) ; x-y + 1=0 (b) [a, b)\ 


x 

a 


V 

t: 


1 


( d ) (0, a); y+a= 0 


(c) (a, 0); .r-!-a=0 
(e) (0,— a) ; y=a. 

Note. Equation (ii) of the last article may be rewritten as 

(mx—ly) 2 = Fail 2 + m 2 ) + ln]x+ 2[6(/ 2 -f m 2 )^-mn]y 

- \-c 2 — (i 2 -t-wi 2 )(a f -r 6 e ) 
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We observe that 

(1) The equation is of the 2nd degree in x 9 y . 

(*-) The tei ms of the -^nd degree in x } y are forming a 
perfect square. 6 

Thus the equation of any parabola is of the second degree 
in .r , ?/ and the second degree terms form a perfect square. 
Conversely, though by no means, obviously, any equation 
possessing the characteristics (1) and (2) will represent a 
parabola. 

7*12. We remarked in the first Chapter of this book that 
the methods of analytical geometry considerably simplify 
solutions of certain problems which would be long and difficult 
of solution by purely geometrical methods. By this time 
the student must have seen that the simplification depends 
upon the nature of equations that we employ. Now equations 
(ii) and (in) of the last article are so cumbersome that it- 
would be a job to find the co-ordinates of the common points 
of a line with the parabola, leave alone obtaining results which 
are less simple. Since all questions on the parabola would 
depend for solution, directly or indirectly, on the equation to 
the parabola, our first concern should, therefore, naturally be 
to obtain the same in as simple a form as possible. The choice 
of axes being ours, this we can do. 

Jh 

^ 7 13. Equation to a parabola in a simplified form. 

Let S be the focus and 
KK' the directrix. Drop 
SZ _L from S on KK'. 
Bisect it at A. Then since 
AS — AZ, the point A is 
by definition on the para- 
bola. 

We tal te A as the origin, 
ASK as the axis of x, AY 
the line through A J. to 
AX. as the axis of y t 
Further we suppose SZ=2a 
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so that ZA=AS=a and S'is {a, 0). 

Let P (x, v) be any point on the parabola so that AA » 

and let PM be _L from P on KIv . 

Then SP = PM (by def.) SP 2 = PM 2 ( 1 ) 

' Also since PM=ZN=ZA+ AN =a+x 

, , ,,2 —(-rJ- a \ 2 which reduces to 

(1) becomes (x— a) 2 -j-y -~(x , a , «nu- 

y-=Aax. 

(A) is the equation we sought. 

Cor. 1. The focus S is (a, 0) and the focal distance SP of 


P(X) y) =pm = y + a - 

Cor. 2. Referred to parallel axes through S(o, 0), the 
equation (A) becomes i/ =4a(x + a ) . 

Since Z is (-a, 0), the equation (A), referred to parallel 
axes through Z, is y z =4:a(x— a). 


Note : — A is known as the Vertex of the parabola. 


Exercises VII (a) 

-"'l. Get the equations of Cor. 2 from first principles. 

2. For what value of a will the parabola y 2 —iax pass 

through the points (i) (3, 2) ( ii ) (1> 1) ? 

3. Find the point on the parabola y-=iax whose ordinate 
is equal to its abscissa. 

4. Find the ordinate of a point or points on the parabola 
y*=z.4ax whose abscissa is equal to a. 

5. From first principles or otherwise, show that the 
equation to the parabola, taking A as origin and AS as the axis 

of w xs jc^ — 

[ Otherwise : — Interchange x and y in y 2 = 4aar], 
6 Show that, whatever m or £, the points whose co- 

ordinates are (am 2 , - 2am) ; 9 ~ rn ) an( ^ ^ a ^ 

i ^ 

on the parabola j/ 2 =4a^. 
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7’ 14- To trace the parabola y 2 =4Ux. 



tangent to the 
7-22]. 


1. (i) Putting y= 0 , w e 

that x-axis meets the parabola 
[Also see Note Art 7'25.] 


get x— 0 so 
at A(0, 0). 


. ( M ) Puttin g *=0, y 2 =0 so that V - 

ax ! s meets the parabola in two coincident 
points at A. The y- axis is, therefore a 
parabola at the vertex A. [Also see Art. 


2. If x is negative; y 2 becomes negative and therefore v 
becomes imaginary, so that- no part of the curve lies on the 
negative side of the ?/-axis (or to the left of A). 


3. When x is positive, there are two values of y, equal in 
magnitude but opposite in sign. This means that all chords 
of the curve ±_ to the axis of x are bisected by it and the 
portions of the curve above and below' the axis of x are in 
all respects equal. We express this by saying that the parabola 
is symmetrical, with respect to the x-axis. 


4, As x increases; y also increases and there is no limit to 
this increase of x and y . The curve, therefore, extends to 
infinity on the right side of the y . axis both below as well as 
above the x-axis. 

The form ol a parabola is therefore as given in the figure. 


715 Defs. (1) The line SZ through S J_ to the directrix 
which is also the line of symmetry for the parabola is called 

its axis. 


(2) The chord LSI/ through S and _L to the axis is called 
the latus rectum. [Fig. Art. 7‘14.] 

7 16. Length of the latus rectum. 


Since SL=LK 
chords J_ to it). 


ZS 


2a and LL' = 2SL (x axis bisects all 


/. length of the latus rectum=4a. 
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Trace the 
= — 4ax, 


y 


The following example is important : 

Example^ 

parabolas W 
(ii) x 2 =4ay, 

(Hi) x 2 =-4ay. 

(i) For positive values of 
x V becomes imaginary, 
SO that there is no part 
of the curve to the righ 
of A. The rest, 7 15 ibee 

Fig.) 


(ii) 1. For y=0, x~ 
the curve at (0, 0). 


0, so that the .r-axis is a tangent to 


2. If y is negative, x be- 
comes imaginary no part of 

the curve lies below the rc-axis. 

3. For a positive y, there 
are two equal and opposite values 
of x, giving symmetry about the 

y-axis. 




4 As y increases x increases 
so that the curve extends to 
infinity 011 both sides of the 
y- axis. See Fig. 

(Hi) For a positive value of 
y } x becomes imaginary. 

• the curve lies entirely 
below the .T-axis. The rest as in 
,(w). See Fig. 


Exercises VII (b) 

1. Find the axis, the vertex, the length 
of the latus rectum ol the parabola w 
and the directrix ‘ / E"by~f*l == 0* 


and the equation 
focus is S( — 1, 1) 


106 



CO-ORDINATE GEOMETRY 

The axis is a line through {- 1 , 1 ) X to 

is, theiefore, sivcq hv t_l i a ^ 

o , / , n< * ■v—y+2=i) solved together give /Si- 

te being ( — 1, 1), A the mid-point of SZ is ( — f, 

= \/2 
4 


0 and 
~0. Also 


a» i) and 


-Mso a= AS 


1 + 1 

16 16 


• • Ibe length of the latus rectum = 4a = /2 
Latus rectum is a line through S_ L to the axis. ' 

its equation is (*-l) + (j,+ 1)=0 i.e„ x+y 
2. Find the axis, the vertex, the length and 

the latus rectum of the parabola whose 

(i) focus is ( — 1, 2) and directrix x — 2?y= 15. 


=0. 

equation of 


(it) focus is (2, 3) and directrix x—2y=--6. 

3. Find the vertex, focus, the axis and directrix of the 
parabola x-—2x—y—0. 

Writing it as (x— l) 2 =y-\- 1, 


! 




u X t 

we see that if we change 
the origin to (I, —1), 

becomes 

x z =y, a parabola whose 
latus rectum is unity. 

W ith reference to 
old origin, therefore, 
vertex A is (1,-1), 
focus S is (1, — fj, 
a x is A S i s x — 1 and 
directrix KZ is y — — -J. 

4. Find the vertex, focus, 
axis mid directrix for tlie 
parabolas whose equations are 

(a) if = 4.r f 4y (b) ,r- 

[Hint. Put (a) as (//— 2) 2 =4(a: -f 1) 

and (6) as (x~ 1) 2 = 12(y r 1) etc.] 


the 

the 

the 

The 

the 





'lx — 



11 = 0 . 


7 17. Parametric Equations. In question 6 Ex. VII (a) 


we saw that the points 


a 

m 


'Ifi \ 

~ - j and (at 2 , 2a t) all lie on 


5 
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, i 2 — ± nr whatever values rn and f n* a y h <r w e * 
the parabola y - 4 ' different points on the parabola and 
varying t or m we have di e P ^ iblc points on 

giving them all possible \ alucs, r—al 2 y=2at or 

the parabola. Thus the equations x-al ; y 

a JfL C oul.d be looked upon as the equations 

+1 2 J ^ 777 

^7*- wp - rfS ly ‘;^bi y 

one of the two forms as representing a J n ^ 

We shall often refer the point (at , *«> ,nie y 

J iU . . ( » as the point ‘i»’ on the para- 

T and the point ^ • m 7 F 


b ° la Example 1 lF*o* are the values of t .for the vertex and the 
enis o} ,ke Us r ec,u m of ths ^raiolay = ^ ^ ^ 

Example 2. ■» M ore ^ (fe poroWo 

intersection of the tin, -±x j , 

‘“i fso find the co-ordinates of the points of intersection. 

The point (of, 2o<) is on the parabolafor aU I 
i<a „p 4r — 3«=4a we roust have 4a! - oat — -ia i 
riving (=2 and — ^ which are the values require . 

’ Substituting for J in (a< 2 , 2a t) we get (4a, 4a) ant 


' JL , —a ^ as the points of intersection. 


c= 


2 


Example 3. Find t for the common points of >f 
y—1. Also find the points of intersection. 

718 . To find the equation of the chord of the 
=4 ax joining the points (at 2 , 2at 1 ) and (a< 2 -, -at 2 ). 

V—2 ai x __ x—atfi 

This equation is a(tfi-tfi) 


~ix ond 
parabola 


or 


y — 2at x 


x ~ at U or fr+tjy-toti (< 1 +<o)= 2 a: - 2 a« 1 2 


+ ^'2 
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— 2(x-\-dtjt^ 

This equation is important. 


Example 4 - Deduce, from the above that if the chord passes 

through the focus, t x t 2 = — 1. 


[Hint (a, 0) must satisfy (*)] 

• 19. Geometric interpretation of y 2 =4ax. 

“¥■ /% m 




A — ^ v4 4 m. m 

If P be (x, y) , we have from the figure (Art. 7-13) 

NP 2 =4AS. AN (2 ) 

which may be stated thus : — 

The, ordinate of any point on the parabola is a mean 

proportional between Us abscissa anl the latus rectum of the 
parabola. J 

Equation (2) also expresses that P moves in such a 

manner that the square of its distance from a fixed line AX, 

varies as its distance from a line AY which is perpendicular 
to it. 

Conversely. If a point P moves under this condition then 
it describes a parabola for which the first line will be the axis, 
the second, the tangent at the vertex, and the constant of 
variation, the length of the latus rectum. 

Example. The parabola, of latus rectum 4- units having 
3x3-4)) — 4 = 0 for Us av'sand 4x — 3p+7=0 for the tangent at the 

vertex is given by 


( 


3-r + 4 // — 4 , /Ax- 3 y -f- 7 


V3+ 4 2 


) 


( 


V 4 2 -f- 3- 


or (3.r-)~ Ay — 4)- = 20(4*— ‘iy -f- 7) . 

7 2. Points of intersection of a straight line with a 
parabola. 

Let the line be y = w x j - c ...(l) 

and the parabola, y 2 ~4ax •••(2) 

The common points, as usual, are obtained by solving (1) 
and (2) simultaneously. Substituting for y from (1) in (2), we 
get (wx J r c) 2 = 4ax 


or m 2 r 2 -f- 2 (me — 2a) x 




0 . 
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i * "u tinll <ri ve us the 
Equation (3) is a quadratic in * rtM oidiT.ates may 

abscissae of the two points of intersection. 

-r" - '■« ■“» ‘ co P ““St , 1 or 

2SCS (3, has real & distinct, equal, or imaginary 

roots* r „ _* yy% v -l— c and the 

Cor. Condition of tangency of y m + 

parabola y 2 = 4 ax- mra bola if roots of (3) 

The line will be a tai agent to _the pan abo 

above are equal, t.e., if (me -O 

4amc — 4a 2 = 0 


or 


whence c 


a 

m 


which is the condition required. 


a 
rn 


...(A) 


Thus the line y=mx + 

will be a tangent to the parabola (2) whatever m may be. 

Equation (A) is important. ... 

7 21. Length of the chord intercepted by the parabola 

y*=4ax on the st. line y=mx+c. 

t 1 n It 7/ ^ be the ends ot tne 
If P (x v J/i) and Q (x 2 h i ie on 



chord, we have, since, P, Q> 
y=mx+c. 

y 1 —mx 1 -\-c, y 2 ='> n x 2 -jrC ; 

so that Vi— yz=mlx 1 —x % '\ 

Now PQ‘=(*i— ~yJ ... 

= (.ri-a: 2 ) , (H »« 2 ) by (1) 
Now *!, x 2 are the roots of 

mV+2(inc - 2v)x+c-=U 


...( 1 ) 


• « 


X±~\~Xo 


2(mc - 2a) and XyX 2 
nr 


m 


z 


giving ix t x 2 

4{mc - 2a) 2 — 4m 2 c 2 = 1 (>a(a—mc) 




m 


no 
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**• PQ=Vi4-m 2 (Xj— x 2 ) 

— ^ / — — 

v a(a — w.c)(I+w) 2 . 

Cor. We could deduce the condition of 
the expression for PQ as well. The line would 
when PQ~0 which gives a — me — 0 



e 


ncv from 
a tangent 


or 


c~ - - as before. 
m 


Secant, Tangent and Normal 
7 22. (a) Chord joining two points on a parabola. 


parabola, 


Let the points be P fo, Vl ) and Q (x 2 , y> ) 


y 2 =4ax. 


Since P (aq, and Q (x 0 , ?/.,) are on the 

yt-lax^O ...(2) y 8 *-4<*r, = 0 

We have from (2) and (3) 

(y i 2 — !/*> 2 ) —4a(.r 1 - x 2 ) = 0 or ,yi " _ 

• r i — t 2 2/id-y 2 


and the 

( 1 ) 

parabola, 
(3) 


.(4) 


Equation to PQ is 


n / , 1 , 2^1 y 2 / V 

y~y 1 = .. — „ Or— a:,) 


. 1 * 


which with the help of (4) becomes 

4a 

?/ — Z/l“ — T “ (T — Xi) 

Vl + l/2 V 

(b) Tangent at F(xi, yi). 

or + Vi 1 — #i2/3=4ar— 4ax 1 

y{yi-T >h)=‘l , <x-T-yi!h bv (2) 


(5) 


...(A) 


Equation (J) is important and ice shall refer to it more 
than once subsequently. 

Cor. The chord joining the points. 

( at i 2 , 2a/ x ) and (at 2 2 . 2 at„) is easily seen to be 

)y = 2(a; -(-a/i/g) 

The secant PQ would become a tangent at P if Q 
coincides with P. Therefore making y 2 =^?/i in (6), we have 

4a 

for the equation of the tangent y — yi=n {% — aq) 
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or Wl -yf=2ax-2ax 1 

which with the help of (2) reduces to 

yyi=2a(x-\-x 1 ) 

Cor 1. Tangent at the vertex A(0, 0) is x—0, 
y axis. 

Cor. 2. Tangent at (£ , * ) i> V=™*+ 


(B) 

viz., the 


Cor 3- Tangent at (at 2 , 2 at) is iy—x+at- 

(c) Normal at P(xi> yi) • 

The normal at Pfo, y x ) is a line through P 
tangent yy x — 2a(:r+a - 1 ) and is a. given } 


and X to the 


y— V\ 


?/i - 

2o ' 


X — Xi) 


(C) 


Cor. 1. Normal at (cm 2 , -2am) is given by (C) in the 
f orm ’ y = mx —2 am — am 3 . 

Cor. 2. Normal at (at 2 , 2at) is tx 4- y=2at+ at 3 . 

Note 1. AH the equations obtained in this article are 

extremely important. 

Note 2. The Geometric Interpretation of the various para - 
THdtCTS • 

The student can see for himself now that the parameter 

< m > in ( ® , — ) is the slope of the tangent at the point 

’ * ' wi / _ . . 


\ y/t, tn / , , . 

and in (at 2 , 2a/), the reciprocal of the same, and m m 

/ am -2 __2 am), the slope of the normal at the point. 

Note 3. The equations of Cor. 2, Art. 7’22 (b) and Cor, 
1 Art 7*21 (C) may also be obtained otherwise. 


(i) Write (B) as y 


Vi 


and 


x 


m 


_ a (x+xO and put — = m so that 
2/i V i 

Vi = 4a 2 = 

4 a 4am 2 


a 


m 


Equation (B) then reduces to 

a 


y—m ( x+~o ^ = mx +~ as beforo * 
^ \ mr ) m 
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The point of contact is 



2 a 
m 



(m) Making - I 1 - m in (C) above, we get 


Vi 


am 


and r x = 


Vi 
4 a 


4 a 2 m 2 
4a 


am 2 . 


Substitution in (C) gives y+2am = m (x—amr) 

or y — mx — 2 aw — am 3 

The foot of the normal is (am*. — 2am). 

These equations are sometimes spoken of as the equations 
f tli e t a i n e .it a nd t li e normal in terms of their slopes. 

7 23. Th'i point of contact. If a line is given to be a 
tangent to a parabola, to find the pt. of contact we solve 
the equations of the line and the parabola simultaneously and 
must get a perfect square in one of the variables. That 'would 
give us one of the co-ordinates of the pt. of contact and the 

other could be found from the equation of the st. line. 


Example. 1. Prove that the line 4x—2yfil=0 touches 
the parabola y 2 —-4x. Also find the point of contact. 

Eliminating x between two equations 

ZT = 2 y— 1 or (^/ — 1 ) 2 = 0 


The two roots of this equation are equal. Hence the line 
intersects the parabola in two coincident points i.e. t the line 
touches the parabola. 

Putting y~ 1 > in the equation of the line, x=\, 
the point of contact is (4, 1) 

The method illustrated in the following example, however, 
should be preferred, especially in equations with algebraic co- 
efficients. 


Example 2- Find the condition that lx~\-my~j-n=0 should 
touch y z =4ax t Also find the point of contact . 

Let + n = 0 (1) 

touch y-=.4ax (2) 

at (x u y x ) 

Then (1) should be the same as 
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yy l =2a(x+x 1 ) or2ax—yy 1 +2ax 1 =0 
Comparing co-efficients, we have 


2a 


lh __ 2 ax x 


whence x x 


n 

l 


* * 


y 2 =4ax 1 . 


I m n 

Also (x v yi) is on (2) 

4 (J^YTV^ 

Substituting for x„y lt we get - 


, 2/i 


4an 


...( 3 ) 


2 am 


L 


or am 2 —nl as the condition required. 

. / n —2 am 

And the point of contact is l 


l 


l 


) 


7*24* The equation of a chord of a parabola in terms 
the co-ordinates of its mid-point. 

Let PQ be the chord whose mid. pt. is M(k , lc). 

Let P be (#i, yi) and Q, (# 2 * 2 / 2 ) • 


Then 2&=# 1 -)~^2 1 
2k=y 1 ^ r yo j 

If W be the slope of PQ, its equation is 

y — k=m(x—h) 



Also the slope of PQ = 

X\ — X% 

Points (x 1 , y x ) and (x 2 , y 2 ) lie on the parabola 

Vi — 4 ax x 

and y<f =4 ax % 

Subtracting (4) from (3) 

y-C — y 2 - = 4 ax x — 4 ax 2 


or (yi—y 2 ) (2/i+2/2) = 4o(Xi— x 2 ) 

w,— y„ 4 a 4a 

VI j ? — wi= — 7 — = 

2k 


i.e. } 


Xa — x a 


V\ -\~y 


Equation (2) then becomes y— k 


2 a 
k 


2a 

k 

(x~h) 


>r yk — 2ax=k 2 — 2ah (3), the equation required. 



* 
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If M be (x 1( y x ), (3) becomes yy x -2ax=y*-2ax x ...( 4 ) 

c herds 25 LoCUS of ,hli of a system of parallel 


system, 

system, 


Let PQ be a chord of the 

the fixed slope of the „ , v , 

Tf y) ‘- the mi d-pt. of - PQ. 

If P be (x v Vl ), and Q, (x 2 , y 2 ) 

the 2x=x 1 +x 2 , 

„ 2 y=yi~y*\ 

-Also the equation to PQ is 

y(yi-\-y2)=4ax-\-y 1 y z 


A» 


...(1) 



so that the slope of PQ 


But the slope is given to be m. 

2a 2 a 

- - = m or y=- — 

y m 


4a 4a 

yi+Va % 


2 a 

y 


from (1) 


• * 


*-(2), the locus required. 


Eq m . (2 V S obviously a st. line || to the axis of the 
° a. This line is called a Diameteriof the parabola. 

Cor. 1. Vertex of a diameter : 

The diameter given by equation (2) intersects. 

y 2 =4ax where 

4a 2 a 

2 ~4ax or x — 


m 


m 


•\ pt. of intersection of the diameter y~ 


2a 

m 


with the 


parabola y-=4ax is V f 
of the diameter. 


a 

•» t 


2a 

m 


and is called the Vertex 


Cor. 2. Tangent at the vertex of a 
the system of chords bisected by it . 


diameter is parallel to 


The vertex V bei 


ing ( 


a 


2a ' 


m 


m 


Y tangent there at is 
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which is j| to the || 


c »Ti^aTYT 



distance from. the origin. And a diameter being a line 
the axis of the parabola, the same is true of a diameter. 


Solved Examples 


Example 1. Find the equation of the tangent to the para • 
J) 0 la y 2 —2x which is parallel to the line 3x+4y+5=0. 

Any line parallel to 3#+4y+5=0 is given by 3;r+4y + & 
=0. This shall be a tangent if 

/ 3s+fe \ 2 == 2x or 9x 2 +2(3Jc— 16)a;+& 2 =0 has equal roots, 


(3 k — 16) 2 =9P whence 96^=256 or Jc— f. 

3. r _{-4y-j-|=0 or 9#+12y + 8=0 is the tangent 

required. 

Note. In case the student feels like making short work of 
the affair, lie may proceed thus ; 

y=mx+alm is a tangent to y 2 =4ax for all m. Here 
m= — 1 and a— Substituting in y —mx+ahn we get 
y = — K— #) or y = — f#-J or 9;c+12?/ + 8 = 0 as before. 

Example 2* Find the equation to the normal to the parabola 
y 2 =8x which is _L to 2x-\-y *4-1=0. 

Any line _L to 2#+^ + 1=0 has its slope equal to 

y=mx — 2am — am? 
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is a normal to y°- = 4a.v for all 


m. 


y 



a 


o 


m 


i 

' 9 • 


(1) becomes 

= tJ-& — 4 


or 


y 

y 


1 ~ 9 

2 ^ — 4 


9 1 

“ * 8 

or 9^ 


Example 3 



x 2 = 


Find 

a. 



Jx-4y~Q=0. 

the equation to the 


common chord of 


Solving together we get 4by= $*- 

. 16a 2 


* * 


y(y 3 64a 2 6)=0 giving y=0 or 4 a*b^. 


Then y-~4ax gives x—-0 or 4a* b* 

Hie parabolas intersect in (0, 0) and 

(4aM, 4 a* IF). 

The equation to the common chord is 


y 

2 1 
a* b* 


x 

X 2 

a*b* 


or b* y~a*x. 


Example 4- Find the angle at which if=ax and x 2 ==iw 
intersect. & 

Solving the two equations, we have 

(0, 0) (aM, ah*) as 

The axis of co-ordinates are 
bolas respectively, at (0, 0). 

The curves cut orthoir 



tangents to the two para- 


# ♦ 


The slope of the tangent at (a* b* y a*b 3 ) to y 2 =ax is 



r at the origin. 


1 2 


2a 3 b 3 


a 


i 

a 


l 

2a 3 


and that of the tangent at 


1 2 


12 2i t) an 

(a ■' b l , a*b*) to x-=by is ~ ~r~ 


2a 3 

i 

b 3 
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[Since the tangent, at (# 1 , yf) to x 2 by is xx x ^ (2/ » Vi)~\ 
If 6 be the angle of intersection, 


2a 3 


tan 0=— 


1 

b 3 


1 

a 3 
2b* 


3a 3 6 3 


a 


2 

3 


2(a 3 -j-i> 3 ) 


C (*2> ^ 2 ) are 


1 + 2 . 

6 3 

Example 5; Prove that the co-ordinates of the point of 
intersection of tangents to the parabola y 2 — 4ax at P ( 2 * 1 , y f) an 

ViV2 2/i -r*/2\ 

4a 2 / 

Hence find the locus of intersections of these tangents if 
(i) the sum of the ordinates of P and Q is constant and (n) 
the rectangle contained by the co-ordinates of P and Cj is 

constant. 

Sol. Tangent at P is yy\ — 2a(x+xf) 

,, 33 Q is yy2=%a(x+x 2 ) . 

By subtraction, we have for the point of intei section, 


y 


2 a 

2a(x x — Xo) 4 a 


(2/l 2 — / 2 2 ) 


yi— z / 2 


yt —y% 


[/. 


y \ + 2/2 

2 


(x v y x ) and (x 2 , yf) are 
on the parabola.] 

. . . (A) 


Substituting for y from (A) in (1), we have 


yi~7T^ 2 ~ =2a(x+ x x ) = 2ax 


Vi 

4a 


2 ax ~j— 


x 


2/i2/ 2 

4tt 


..(B) 


The co-ordinates of the required point of intersection 


therefore are ^ 2 ^0 * 
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( i ) The sum of the ordinates is constant : 

*" e ‘ ,Vi+2/2 = 2K. 

The oioinates of the point of intersection 

jh+y-2 

9 


y 


IC 


K is the locus. 


:2K (say) . 

of the tangents is 

[By (A)] 


(«) If the rectangle contained by the ordinates is 
stant = c 2 . Wjo-^c 2 . [by B] 

the abscissa of the point of intersection is 

# 

4a 4a 


con- 


• * 


x 


Hence the locus is x=— 

4a 

Example 6. Find the locus of the mid-})ts . of chords of para 
bola y 2 =4ax which are normal to the curve . 

The chord whose mid-pt. is fo, y x ) is yyi-2ax=y 1 *~2ax 1 , 
laent living it with the normal 


We get 


tx-\-y—2at-{al z 

t 1 2af-j-a/ 3 

- a >Ji yi 2 —'2ax 


First two L r ive t — 


2a 

- ana then last two give 
V\ 


which 



gives (y 2 

(*i. !Ji) 


— ~ax 1 )y 1 2 =—4Q 2 y 1 2 — 8a 1 , 

lies on the curve y 2 (y 2 — 2a,r+4a 2 ) + 8a 4 = 0. 


Example 7- Find the locus of mid-pts. of chords of the para 
bcht y- = 4ax which subtend a right angle at the vertex and prove 


that these chords all pass through a fixed point on the axis of the 


c urve 


Sol. Let P, Q, the ends of a chord of the system, be 
(at x 2 } 2at x ) and (at z 2 > 2at 2 ). The slopes of AP and AQ are 

O 9 .) a 

7 a 'nl 7 - Bv the question --- - . - = — 1 or / 1 t 2 =-4...(») 

*1 *2 *1 t 2 


PARABOLA 


119 


The equation to PQ is (ii+Q)y = 2.*+2aV2 (Art. 1 2 ) 
It meets y—0 where x— — a/i? 2 == 4a bj r (») 

PQ always passes through (4a, 0). 

Again if (*, y) be the micl-pt. of PQ we have 


...( 2 ) 
...(3) 

(2) and (3), we get 


2 x=a(t 1 2 +t z 2 ) 

2y= 2ct(^"h ^ 2 ) 

Eliminating t± and between (1) } 
y 2 =2a(x — 4a) as the locus required. 

Exercises VII (c) 

l m (i) Find the points where the line y=3x—a meets the 

parabola y 2 =^ax t , 

(ii) Find the points where the line x—y=l meets the 

parabola 3?/ 2 =4.r. ... 

(in) Find the point of contact of at-=2 y+3 with 

jt+ite.o. < Solve tosether) 

(it) Prove that *+»-! tonchea »-»-?• „.. . 


2. Find the length of the chord intercepted by the para- 
bola y 2 = 4x on the line y=x. 

3. Put down the equations of the tangents and the 
normals to 

y% = lax at the ends of the latus rectum. 

(b) to y 2 = 9* at (4, 6). 

(c) to y'-—Q>x at the point whose ordinate is 12. 

4. Find the equation to that tangent of the parabola 
y- = lx which is _L to 4 y — a;4'3=0. 


[Any line .L to 4y— *+3=0 is given by 4x+y+k—0, 
solve it with y 2 = lx, put down the condition of tangency and 

get k — y-Q etc 

Or Identify 4:X-\-y-\-k—0 with y = mx -|- 7 /4m] . 

5. Find the equations to y 2 =5x J to x+4y+I=0. Find 
also the point of contact. 

6. Find the point in which the normal at (2, 2) to y 2 =2x 
meets the curve again. 
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makes an angle of ^5°* with axis 8 (it ) t0 ^ y *~ 8x which 
angle of 60° with the axis. ( J y =4ar whi <* makes an 

S. Prove that fe+»y+»=0 will touch x*=4au if nli 

V P=™+c will touch r^dafr+a, if 

m 


c=ma 4- 


points whose parameters 0 ! re 4"^™ ° f , tail 8 ents at the 

ssr is th ° a : m - -«•» „ p fT h ; x*« 

angles", V°L1T' W ** *“*«>*« « <> and ,, are at right 

(h) Also that the chord ininin« / i „ i 
the focus. ^ 1 anc * ^2 then passes through, 

intellect^i/, 1 " ,^ 0 „“ecWe he JS* f,» ™ *"« 

. IS. («) Find the equation o ; e " l "" 3 ; 7 ' 36 ’ 7 " 3?J 
y 2 —iax and .r 2 = 4 %. common tangent of 

a„d ( ^f;;i^: qu ”* iOT »° «» «■»»*>» 

«- Jt-n+do' / ‘'’"n ° le Cl ' 0r ‘ I f the parabola whose equation is 
is OVto W ‘“ ,S ' a '“ >r ““ l t0 ,hc oot' o and that its length 

points’ on« 0 mnbSi i-*^ “ rea of the triangle formed by three 
tangents tilere a, ' ^ «*• of *•* fo ™ed'hy the 

(Take the points to be 7 / 7 ’ 7 M 

A ^ 2 ) 3 v 

am ] l„!: 0Ve ‘i 10 ^ the ortho- centre of a triangle formed by 

an\ three tangents to a parabola lies on the directrix. 

[Hint. Take the tangents to be t.y=x4-at, z etc 1 

1 * * * * * J 

o A 7 ; [ a - , r ! n< ? • the OQuation of the chord of the parabola 
y — ox w Inch is bisected at ( 2 , — 3 ) 


{b) Normal at P meet the axis in T. Find the 
mid. pt. ofPT. 


locus of the 


parabola 
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(c) Normal at P meets the axis in G. . Find the locus of 

^ Find^he locus of mid-pts. of the chords of the parabola 
«2=4a* which 

18. pass through the focus. 

1Q * , vertex. 

20. ” ” fixed pt. {h, k). 

Some Geometrical Properties of the Parabola 

' ' Def- I- The portion of the axis intercepted between a J a f n J e ^ 
and ordinate of its point of contact is called the, sub- tangent / 

voint at which the tangent is drawn. . 

V 1 The portion of the axis intercepted between a normal and 

pent at 

which the normal is drawn. 

In the accompanying figure, PT it the tangent at P meetmg 
the axis of the parabola in T and the dnertr.x m K. PG 

normal at P meeting the m G. PM . * h f &«. N the 

Y foot of the ordinate and 

Y the foot of the per- 
pendicular from the focus 
S on the tangent PT. Then 
PT is the length of the 
tangent, and PG that of 
the normal. TN is the 
sub-tangent and NG the 
sub-normal. The equation 
of the parabola will 
throughout be taken as 

y 2 =4ax. 

7 ‘ 31 . The sub-tangent for a point on the parabola is bisected 
at the vertex. 

Let P be {at 2 , 2 at). Then N is {at 2 , 0). 

Tangent at P is ty=x-\-at 2 . 

Where it meets y— 0, we have x+at 2 = 0, i.e., x=- 
Hence T is {-at 2 , 0). 

The mid-point of TN is evidently (0, 0), i.e., the vertex A 



at 2 . 
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<md equals theleZalTuTrlaun^ ***"* “ parabola is instant 

formal at P(crt 2 , 2 at) is y+tx=2at4- at 3 . 

Where this meets ^=0, x=2 a+at*. 

Hence AG = 2a— at 2 . Also AN=a< 2 . 

• • ^G=AG— AN— 2a = semi-latus rectura, 

of thl^nZlVafZ 1 hiS f S I* a l gk between the f° cal Stance 
oj me point and the perpendicular pom the point on ' 

T ? \ . 

Sol. We have. to show that /.STP=ZTPM 
Tangent at P (at*, 2 at) is ty=x+at 2 . 

Hence if </. is the inclination of the tangent, tan rj> 

If 6 is the inclination of SP, 




1 

t 


tan tf> 


2 at 

at 2 — a 

2 It 

1-1 I 2 


2 1 


t 2 - 1 

* 

2 tan rh 

• l-tai?T“ 101 ' 2 !' 


<i=2</> 

i.e., ZGSP=2^STP. But ZGSP=ZSTP + /SPT also. 


• * 


' SPT= / STP= 


/ 



[V PM !| ST]. 


7 34. The portion of the tangent intercepted between the 
directrix a)(d the point of contact subtends a right angle at the 
focus. 


* \ 

[Wc have to show that KSP^l rt. /_] 
Tangent at P is t g--x4~ at 2 . 

Y t/ * 

\\ here this meets the directrix x — — a, 

tij — — a -f - a t 2 or y ~ — (/ 2 — 1) 


a j 

KA y j 


"U 2 - 1 )} 


Thus K is { 
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Slope of KS= 
Slope of SP = 


a + a 

2at — 0 

at 2 — a ~~i 2 — 1 


1 

o# 

Mb 




• the product of the two slopes=-l, the two line* are 

A 

at right angles i.e., KSP=1 rt. 

7‘35 The lorvs of the foot of the perpendicular from the 
focus on any tangent to a parabola is the tangent at the vertex. 

rWe have to show that the abscissa of the foot of the 
perpendtcutar is zero ; for it is only then that it w,U he on the 
tangent at the vertex which is the y- axis.J 


...( 1 ) 


Equation of the tangent at P is 

ty—x-\-at 2 . 

Equations of the line through S 0) perpendicular to it » 

yz=—t(x—a) or y=—tx+at 

. Multiplying (2) by t and subtracting from (1), 

0 = (14-< 2 )z or x=0 ‘ 

i.e., the abscissa of the foot of the perpendicular from S on 
the tangent is zero. 

Hence the required locus is x=0 which is the tangent at 
the vertex. 

7 38. Tangents at the ends of a focal 
angles. 4 

Let *t * *4“ *1% he the ends of a focal choid. 

.chord is i* 2 * 

The focus (a, 0) lies on it. 

• 0 = 2a -j - 'lat^t. 

‘ • t 

or t x t 2 — !• 

The tangents at the extremities ‘tf ‘tf 

t J y=x+at 1 ‘ ■ \ 

■ ■ tiV=x-\-at« 2 ) 



chord are at ri< 
Equation of the 


...( 1 ) 


...( 2 ) 


121 


CO-ORDINATE GEOMETRY 


Product of the slopes of the two tangents 

i i:\ 


1 

7 


1 

l 


from (I). 

Hence tl, e two tangents are at right angles. 

Iril' ongen ' s »' ends of a focal chord intersect 

lying the equations (2) above bv t and / 
of th» foJL. 6 g6C 101 the ab scissa of t 


I 


071 tllQ, 



or 

or 


% — atJ 2 = 0 

x=at 1 t 2 


(<■>— ). 


a from (1) Art, 7-36. 



-i- z ~ u; aii, /-.in. 

the direct rix° , *"* e "* M the cn,]s of * «»c»l chord intersect on 
Combining the results of 7\36 and 7 37 we can 

Tj vuc ]! xU " k ‘ * ri3 ’“ a " ,J,a m 

the IfmatJof Tfo'cat'ehori.'^ ” “ «•«» k<«« 

1_ , 1 _ 2 
kP + SQ = SL- 

It ty' are the extremities P and Q of a focal chord, 


t x U 


1 or / 0 





> ; 


IS (a/, 2 , 2ag and 


SP=a(/ 1 2 +i) ; 


a(t*+l)=a( J, 


./ a —2a 

is ‘ 

^ h 2 /, 

[ Y SP=a-j-x 


— a-f- 



1 = 


a 


f 2'I “M l ) 


1 


1 


• • t! li 


1 


] 


* L 1 



f 


f, 


i+g 


i 


t*d,--bl) a(t x 2 -i-l) o(^i 2 +l) 


a 
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7'39. The perpendicular from the focu s on any tangent is 
a mean proportional between the focal distances of the vertex and 

the point of contact, 
i.e., SY 2 =AS.SP. 

Tangent at P is ly=x+al 2 . 

' Also SP=«U 2 +1). 


Perpendicular from S(<z, 0) on the tangent 

a 4- at 2 


SY 


«V 


Vi + <2 

SY 2 =a a fH-t 2 )=a.an-fi 2 ) 


= AS.SP. 

7'4. Position of a point relative to a parabola. 


Let there be a point Pfe, yf). 

t 

Draw P N J_ from P on the axis 
and let it meet ^produced if necessaiy) 
the parabola in Q If Q be (x x , y), 
then since Q(#i, y') lies on the para- 
bola y ' 2 — 4ax 1 =0. ...(1) 

Now P will be outside the parabola 
if NP>NQ or y\>y' or y x >y 2 or if 
y x 2 — 4^ 1 >?/' 2 —4a.r 1 =0 i.e mJ if y x 2 — 4ax t 
>0. So also P will be inside the para- 
bola if y 2 - 4a;r 1 <0. When P lies on the 
parabola y 2 — 4ax 1 ~ 0, 



7*41 • Tangents from a point. 

a 

Through a pt, two tangents can be drawn to a parabola and 
they will be real and distinct , coincident , or imaginary according 
as the pt . is outside , on or inside the parabola . 

We know that y=mX+ m ' -d) 

touches the parabola y 2 =-iax whatever m may be. 

It will pass through a particular point 


P(*i, yf) if yi 



m 
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The equation which may be written as 

av» a -yiw»+a=0 

gives us the slopes of the tangent that pass through V(x "„V 
Since tins is a quadratic in m it will <rivl fll , Ci- SO- 

which when substituted in fl) will cd v - e ,« t h^° t ' a ues of , w 
pass through P(.r, Further, ^the rtf 

imaging atCOr<,inS “ <-•> has oq-al, 

* e -> according as i/ 1 2 -2n.r 1 >, = or <() 
parabola. accor ^' ng « <*.. M is outside, on or inside the 

Example Find lie equations of the two la agents to the 
parabola y=2x drawn from the point (~4, 1). 

Here a = \ 


?/ = m x -f - 1 m 

will be a tangent for all values of m 

It will pass through the pt. (—4, 1) if 

1 — — 4 

8m 2 +2m— 1 ~0 


•••(I) 


or 


- __i i 

2 > 4 


whence m =- 

Substituting for m in (1), the two tangents are 

x-f-2/y+2 = 0 
and x~ 47/ + 8 = U 

7 42 . Locus of the point of intersection of tangents to a 
parabola inclined at a constant /_a. 

bet if^-Aax be the parabola and (x lt y t ), the point of inter- 
section of the tangents. 


y=mx - 1 


a 


?n 


...a) 


touches it for all values of //?, 

(! ) will pass through (x u yf) if 


y l — 7nx l J r 


a 

m 


*••( 2 ) 
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Eqn. (2) which may be rewritten as 

a^m 2 — y x m + a = 0 

gives the slopes of the two tangents 

pass through the point (x x , «/i). 

If m lt m 2 be the roots of (3), 


to the parabola that 




m l m 2 ’ 


Vi 

x 1 

a 

Xx 


■ 

By the equation; 


tan a= 


m 


m 


\f ( w !+ w 2 ) 2 — 4m x m 2 


1 + 



Vi 

Xx 


2 


4 a 
x 1 


1 + 


a 




...( 4) 


...(5) 


..( 6 ) 


_ -s/ 3/i 2 4axi 
x i + a 

f 

which gives (?/i 2 — 4axi) cot 2 a=(x 1 —a) 2 

fa, Vi) lies on 

(j/ 2 - 4flx) cot 2 a = (.u+a) 2 

the locus required. 

Cor. When a=90°, i.e., the tangents are perpendicular to 
each other, w 1 m 2 = — 1 
and then (5) gives, 

— =-i 

* 

so that x+a—Q, the locus required. 

It is no other than the directrix of the parabola. 

Notes. It could also be got from (6) by making »=90°. 
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0 


,. - . Many other cases of locus of intersection nf + 
satisfying other conditions will be easilv Hi 0 ™Ji tan g ei »ts 

(5) combined with the oonditiom gSn Tv l« by , (4) and 

(See Questions 3 — 7) below. ^ particular case. 

3 We shall require the following few facts from ai i 

m the discussion of the normals from a point to a pa “hot g " 

Just as a quadratic like ax*+bx -f c=0 has two roots and it 
L. H to. nr. ax^bx+ c=*(x-a){x-p) identically where „ ! 

roots and its L. H. S. viz. +CX+c/=0 has * three 


ax?-\-ax' i -\-cx+d=a(x— «)(* — /3)(x—y) 
identically where a, j3, y , are the roots of the cubic. 
(1) may be written as, 
a- — (a-i- ( S-Ly).c 2 -(- (3y-yya)x~a/3y 


...( 1 ) 


3 . 9 C 

X 6 + — X 2 + 

a a 


, d 
P+ — 

a 


Comparing co- efficients of like powers of * on both 
of this identity, we get 


...( 2 ) 

sides 


a ~K S-fy^ — , oc(3-\- (3y-\-ya= C 

a a 


n d 

a Py=* . 

a 


7 43 • Normals through a point* 

Let y 2 =4ax be the parabola and {x 1; Vl ) the point, 
y =mx — 2am — am 3 

is a normal to the parabola for all values of m 
\ _ * 

It will pass through the point (x v y{\ if 
Vi = w Tj — 2 am ~ a rn 3 

hqn. (2) which may be rewritten as 


...(]) 


am 


3 t /.) 


(2a~x 1 )mj-y 1 =0 


...( 2 ) 

.*.( 3 ) 

gives the slopes of the normals that pass through the point 

V’ ' /|K .‘- ince (3) is a cubic in m, it will give us three values 
oi m, which when substituted in (!) will give us the three 

normals that can be drawn from the point, (*.,?/.) to the 
parabola. ’ v 1 J1 ' 

Note* e know that imaginary roots occur in conjugate 
pairs, of the three roots of (2), at least one will be real so 
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that, of the three normals through a point, at least one will 
be real. 

Example. Find the locus of the point of intersection of 
normals to the parabola y 2 —4ax y two of which make complement 
tary angles with the axis . 


If ???!, m*, ??? 3 be the roots of equation (3) above, 



7?7 1 'f77?2+77?3=0 

■ 




...(1) 

mpn 

2a — 

2 -\-m 2 m 3 -{-n) 3 m 1 a 




...(2) 


Vi 

mi>n 2 m 3 = — — 




...( 3 ) 

By the question, mpn 2 = 1 



- 


• 

# • 

( 3 ) gives m 3 =- 

l 

SJ 




But 77? 3 is a root of am 3 + (: 

2a— 


...(4) 

•\ a 

(-y') 3 +(2a Xl )(- 

Vi 


=0 



\ a J \ 

a 

J 



or 

~ y '\ 

a* a 

2f/i= 

=0. 



or 

yi+ax-fl-L ahj l 0 

or 

ye 

a{xy — a) 

...(5) 


(5) being a relation between the co-ordinates x lf y x of the 
point from which the normals are being drawn, the equation to 
the locus is y 2 —a{x — a). 

It is a parabola whose latus rectum is a and vertex at 
(a, 0). 

Note. The locus of the point of intersection of the 
normals, satisfjdng other conditions, may similarly be obtained 
from equations (1), (2), (3) combined with the conditions- 

obtaining in a particular question. It is a question of elimi- 
nation Of 77?!, W 2> m 3 * 

Cor. 1 . Equation (2) above, incidentally proves that the 
slopes of the three normals from a point to a parabola, add 
upto zero. 
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Cor. 2. Further if y±, y 2 > be the ordinates of the feet 
of the three normals from a point to a parabola, Cor. 1. Art. 
7’22, (c) gives 

yx~]r “f" V% ~ ^ ^y (0* 

Hence the sum of the ordinates of the feet of the three 
normals from a point is also zero. 

Exercises VII (d) 

]. (a) Find the equations of the two tangents to the 

parabola ?y 2 = 4x from the point (3, —4). 

(6) Find the tangents to the parabola 2y 2 - 3.r=0 drawn 
from ( — 12, 

2. Prove that if 9 be the angle between the tangents that 
can be drawn from (x ly y^) to 

.i * a \/V 2 “ 4aa: i 
then tan 8= - J 

x i + a 

Find the locus of the point of intersection of tangents to 
the parabola y 2 =±ax drawn from an external point P when 

these tangents make Z. s ©i> ^2 with ^ ie axis an< *’ 


O 

o. 


4* 

0. 


(a) tan 0!+tan ©o 
cot ©, + cot Go— d. 

tan 2 ©i+t an '^2 == 5 r- 


b. 


(b) tan ©j, tan 0 2 =c 
5. ©i+© 2 =2a. 


Find the locus of intersection of tangents to a para- 
bola meeting (i) at an /.45°, (H) at an /. 60®. 91 

DOia meum 0 \ ) [Particular cases of t 42J 

S. (a) Find the equation to the normals to i/ ? ==4a.r drawn 
from the point (0, Mi)- 

[)/= ,„. v _2 am-am* is a normal. The rest as in solved 

example Art. '7 41]. „ , . 

(b) Find the equations of the normals from foa, -«) 

* / 

V ~ Fhid tlie loen. of a pt. P when the three normals from it 
to a parabola are such that 

it. Two of them are at rt. angles. 
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10. Two of them are such that the product of their slopes 
equals 2. 

(A beautiful statement of Q. 10. Prove that the locus of a 
point , two of the three normals from which have the product of 
their slopes equal to 2, is the parabola itself). 

11. The sum of the three angles made by them with the 
axis is constant (say k). 

12. Prove that the centroid of the triangle formed by the 
feet of the normals from a point to a parabola lies on the axis 
of the parabola. (Use Cor. 2.) 

7*5. Chord of Contact. 

Def. IfQ and R be the points of contact of tangent to a 
parabola from a point P outside it, QR is called the chord of 
contact of P w. r. to the parabola. 

Equation of the Chord of Contact 


Let there be a point P(x J} yfj. Let PQ, be tangent to the 
parabola from P. 


Let Q be (x 2 , y 2 ) and It . (# 3 , y 3 ) 
Then QP and RP are given by 


yy 2 = 2 a .-(2) 

and yy 3 =2a(x+x 3 ) ' ..,(3) 

{2) and (3) both pass through 

Vi) 

and ^ 1 2/3=2a(x 3 +a; 1 ) . ...(5) 

From (4) and (5) it is clear 
that the points Q (.r 2 , y z ) and 
R (a* 3; y 3 ) lie on the line yy x 

=-=2 a(x-\-T-f) ...(6) 


which therefore is the chord of 
contact of P. 



Note. Equation (6) is of the same form as the equation 
of the tangent at P (% yf) if it comes to lie on the parabola. 
This suggests that a tangent may be a particular case of the 
chord of contact. That this is actually so. may be seen from 
the fact that the tangents from P (when P is on the parabola) 
coincide with the tangent at P so that their points of contact 
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coincide at P ; and the chord of contact of P is nothing but 
the tangent at P. 

When P is inside the parabola, the tangents from P are 
imaginary (Art, 7*41) : so also shall be the points of contact. 
But the form of equation (6) shows that if (aq, y x ) be real, (6} 
gives a real line whether (x f y x ) lie outside, or inside the 
parabola. So that we could look upon (6) as the chord of 
contact of P (x x , y x ) even when P is inside the parabola. Only 
now it shall pass through the imaginary points of contact of 
the two imaginary tangents from P. 

7*52, Pole and polar. 

Def. Thz polar of a point w. r to a parabola is the locus of 
the point of intersection of tangents to the parabola at tht ends of 
any chord drawn through the given point . 

The point is called pole of its polar . 

7'53. The equation of the Polar of a point. 

Let P be (aq, iji) and the parabola be y 2 —Aax .. (1) 


r 



the equation to the locus of T is 
yy x ~ 2a(x + x 1 ) 
the polar required. 



(4) 
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7*54. If the polar of a point P w . r> t . a parabola goes 
through Q , then unll the polar of Q pass through P . 

Let the parabola be y 2 = 4a# and P be (# l5 ?/i) and 
<3 (x 2 , y 2 ). Then v the polar of P (%, f/ x ) t»2., yyi = 2a(a:-f 
passes through Q(# 2 , y 2 ) we have 

2/i?/ 2 =2a(^ 2 +ai) 

which is exactly the condition for the polar of Q (# 2 , ?/ 2 ) viz, 9 
yy 2 =2a{x-\-xf) "to pass through P (# 1} y x ). Hence the result. 

Def. Two such points are called conjugate points w.r. t . 
the parabola. 

7*55 To find the pole of the line lx-\-my-\-n=0 ... (1) 

w'r. t. the parabola y^—^ax ... (2) 


If (x lt y x ) be the pole of (1) w. r . t . to (2), (1) must be the 
same as yy x ~2a ( 0 :+^). 


Comparing 


co -efficients 


2a 

~r 


Vi = 2a#, 
m n 


, . . n , 2am 

which gives x x =~y and y x =- — 


7 56. If the pole of a given line is given 
another line L 2 then will the pole of L z lie on L v 

If equations to L x and L 2 be 

liX~-m 1 y~-n l =() 

l 2 x-m 2 y-\-n i =r() 


to lie on 


(1) 

( 2 ) 


i 

the pole of (1) w, r, t . the parabola is 



— 2am 1 \ 

h ) 

(by Art. 7*55) 


It lies on (2) /, l 2 n x — 2am 1 m 2 -j-Z 1 n 2 =0 
which is also the condition for the pole 


(3) 




to lie on 



Def. Two such lines are called conjugate lines w. r, t . the 
parabola. 
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Exercises VII (e) 

1. Find the polar of (2, 1) w. r. t . y 2 =6x. 

2 . Prove that the directrix of a parabola is the polar of 
focus. 


3. (i) Find the pole of 3x+4y~ 5— 0 w. r. t m y 2 =4x. 

(ii) Find the pole of x — 2y + 3a+0 tv. r, t . y 2 = iax. 

4. If the polar s of P and Q tv. r. t. a parabola meet in R, 
then R is the pole of the line PQ. 

5 . Prove that the chord of contact of _L tangents to a 
parabola passes through the focus [See Q 11 Exercises VI c], 

6. Find the points of contact of tangents from (2, 3) to 

y~~4x and prove that the corresponding normals intersect on 
the parabola. 

7 . Find the condition ( 1 ) for two points to be conjugate 
w. r. t. a parabola (2) for two lines to be conjugate to . r. t. a 
parabola. [See equation (2) of Art. 7*54. and equation (3) of 
Art. 7*56] 

We shall conclude this chapter with a few solved 
examples. 


Example 1 . Find the locus of the poles of tangents to 
y 2 =4ax tv. r. t . y 2 —4bx. 

ty=x~\-at 2 (1) is a tangent to ?/ 2 = 4 at for all t 

If (x 1 , y x ) be the pole of (1) w. r. t. y 2 = 4b x. then (1) must 

be the same as yt/i= 26(.r+# 1 ). 


Comparing co efficients we 



2b __2 bx\ 
T~ at 2 


• • » 



Variation of / gives different tangents to y~ — 4 ax and they 
in turn then have different poles w. r. t. y 2 ~4bx. 

To find the locus of (.r x , y 2 ) then, we must eliminate t bet- 
ween equations (2]. 

From the first two, t = - y* and from the last two ~~ 

vh (l 


« 

* * 



X 


l 



so that (.q, tji) lies on y 2 — 
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Example 2. Prov<? that the .line ^ a 
normal to the parabola if=iax if aA 3 +2aAB-+B C-0 


tz + y = 2at+at 3 


.. ( 1 ) 


r ia/ | '-j i 

Eqn. (1) is a normal to the parabola for all valuss ol t, 
Ax+Bw+C=0 will be a normal if it is the same as (1). 

t 1 2at+at* 


Comparing co-efficients we get ^ g 


-C 


% * 


A A -C 

t= g- and B 

c A . aA 3 
=2« + gr 


2at-{-at z . 


... (1) 


so that — ^ 

±> 

or crA 3 +2aAB 2 + B 2 C = 0. 

Example. Prove that the locus of poles of normal 
chords of the parabola y 2 =<Lax is the curve* 

y 2 (x- f-2a) + 4a 3 =0. 

tx+y=2at-\-aP 

(1) is a normal for all values of l. 

If (x Xi y^) be the pole of (1) w* t, t. ?/ 2 =4fl#. 

(1) must be the same as yy 1 =2ax4-2ax l . Comparing co- 
efficients we get 

t _ 1 _2al-\-a& 2t + i* (0) 

— 2a y 2ax 1 2x x 

* t 

As t varies, the normal changes its position and so does its 
pole. To get the locus of the pole, therefore we must eliminate 
T between equations (2) and (3). We have 


2x 1 


and 


Vx 


- =2 t + i* 


so that 


2x x 


2a 

V\ 

4a 


8 a 3 

3 


Vx Vx Vx 

>r .r 1 ?/ 1 2 +2ai/ l 2 +4a 3 = 0 

(x x , y x ) describes the locus whose equation i 

y 2 (x -f- 2a) + 3 = 0 . 


is 
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Exercises VII (f) 

1. Prove that the equation y 2 +2A£+2By + c=0 repre- 
sents a parabola whose axis is parallel to the axis of\r. Find 

its vertex and the equation to its latus rectum. 

2 . If on a given base triangles be described such that the 
sum of the tangents of the base angles is constant, prove that 
the locus of the vertices is a parabola. 

3 . Prove that the locus of the centre of a circle which 
intercepts a chord of given length 2 a on the axis of x and 

passes through a given point on the axis of y distant from 

the origin, is the parabola x* — 2 yb+b 2 = a 2 . 

4 . Find the point of intersection of the normals at the 
points and 7 2 \ 

5 . If 0 be any point on the axis of the parabola y % — 4ax 
and POQ be any chord passing through 0 and PM and QhT 
be the ordinates of P and Q ; prove that 

(?) AM. AN = AO 2 («) PM,QN=-4a.AO. 

6 . Prove that the length of the chord of the parabola 
y-=4ax which is a normal at the point (a, 2a) is S a\/2\ 

7 . (a) The normal at the point 7* meets the parabola 

9 

again in the point 7/ ; prove that t^—t 

(b) Prove that the normal chord at the point t whose ordi- 
nate is equal to its abscissa subtends a rt. /_ at the focus. 


[Hint. f~2, fi~~ 3, from (a)]. 


8. Prove that the semi* latus rectum is a harmonic mean 
between the segments of anv focal chord. 

Q L 


[We have to prove 



9 . The normal at any point P meets the axis in G and 
the tangent at the vertex in G' ; if A be the vertex and the 
rectangle AGQG' be completed, prove that the locus of Q is 
x 3 — 2a x 2 -f-ay 2 . 
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10 . Through the vertex of the parabola y 2 ~4ax, two 
chords AP and AQ are drawn, and the circles on AP and AQ 
as diameters intersect in R. Prove that, if Q u 0 2 and 0 be the 
angles made with the axis by the tangents at P and Q and 
by AR f then cot 6'i + cot 0 2 -j-2 tan 0 = 0. 

11 . Prove that the poles w. r. t. y 2 = — 4ax of tangents to 
y2=4ax lie on the latter parabola. 

12. Prove that the locus of poles of tangents to y 2 =4ax 
w.r.t. the circle z 2 -j-y 2 = 2ax is the circle x 2 -f-y 2 =ax. 


CHAPTER VIII 
THE ELLIPSE 


81. Def. An ellipse is the locus of a point which 
moves so that its distance from a fixed point (called the fowls) 
bears a constant ratio (which is less than unity and is known 
as the eccentricity) to its distance from a fixed line (called the 
direct ri. r.) 


811. To find the equation of an ellipse with any point as 
focus and any line as directrix , 

Let S (a, b) be the focus, Ix+my+n^O, the directrix and 
e< the eccentricity. Let (.r, y) be any pt. on the ellipse and 
PM, the perpendicular from P on the directrix. Then by 
definition. 

cp 

= e or SP 2 — e 2 PM 2 ...(1) 


PM 


Now SP ? =(.r— a) 2 -f (y-b) 2 

(Ixfmyfn) 2 
l 2 - r m 2 


and PM 2 = 


( 7 2 +m 2 ) 


(1) becomes ■ (x— r ) 2 +(y — &) 2 ] =e\lx+mx+ nf which 
is the equation required. 

This again being as cumbersome as that of the parabola 
in Art. 7T1 we proceed to simplify it with a, proper choice of 
the axes. 


8*12. Equation to an ellipse in a simplified form* 

Let S be the focus, MZ, the directrix and e , the eccentri- 


city, Let A A' divide SZ 
% 

internally and externally in 

* *• 

the ratio e : 1. Then since 

SA 8 A' 

AZ C — A'Z' 

A, A' are pts. on the ellipse. 
Also since c <1, A must lie 

r 
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on the right of A. Bisect AA' at C and let AA' = 2a so that 
AC = CA'— a. Take C as the origin. A A', as the x* ax is and oc 
a line through C _L AA', as the y-axis. 

Let P ( x , y) be any pt. on the ellipse so that CX=a', NP = y. 


Through P draw PM _L to the directrix. 

We require the length CS and CZ in our work and pro. 
ceed to calculate them. By construction, 

SA=e, AZ i.e u (CA— CS)=e (CZ-CA) .... ..(!)• 

SA'=e. A'Z i.e. 9 (CA+CS)=e (CZ+CS) (2) 

[V CA=CA'], 

Adding (1) and (2), 2CA=2e. CZ or CZ=^==y (.3) 


*\ Equation of the directrix is x= — — - or x4~ — = 0 . 

e e 

Subtracting (1) from (2) we get 

2CS = 2e. CA or CS = eCA = e«. 

S is (~ae } 0). 

From the definition of the ellipse 


SP^ePM or SP 2 -e 2 PM 2 (4) 



SP 2 =(rr-{-ae) 2 -)-y 2 and PM 2 — ^ — 


• 

• * 

Eqn. (t) gives (.r-f-ae) 2 + y 2 = 

=e2 ( *-4-y.) 



* — 

-e 2 x 2 + 2arer+a 2 


or 

x 2 + 2aex 4 a 2 e 2 y z - 

=e 2 x J + 2rtex-f a 2 


or 

().— e 2 )x- 2 +3/ 2 

=a 2 (l— e 2 ) 


or 

^ ,2 

— y — i 

a 2 a 2 (l — e) 2 


(•'>) 


Since e<l, a 2 ( l—e 2 ) is positive, say b 2 . 


With this substitution, (5) may be written as 



which is the equation required. 


* * * * 
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Note 1. If AA' were the ?/-axis, S would be (0,—ae) 

and PM=ZN = ZC+CN=- a -+w 

e J ‘ 

Equation (4) then gives x 2 +(i/+cte) 2 =e 2 ( “-+*/ V 
or x 2 -f?/ 2 (l — e 2 ) = a 2 (l — e 2 ) 


or 


X 2 . 2 


a* 2 (l — e 2 ) 


- + 


V 

a 


1 or 


b 2 


+ 


y 

d 


1. 


This could also be got from |6) simply by interchanging 
x and y . ° 

Note 2. If we put x = Q in (7), we get y=-J-& which gives 
a geometrically meaning to b viz., b is half 
cepted on the y-axis by the ellipse. 


the length inter- 


8'13. Shape of an Ellipse. 


Putting y=0 in 


x 


.2 


y 


1 


we get x=±a so that 


a 2 ' b 2 " 

a'-axis meets the ellipse in the points (±a, 0). They are the 
points A', A. 

So also the y-axis meets the ellipse in the points (0, ±6). 
We call them B, B' 




Writing * 

a- 


r 

b 2 


1 as y + \Za-—z 


.2 


... (l) 


we see that if x >a or < — a, a 2 — x 2 becomes — ive . 

y would become imaginary for all such values, so that 
no part of the curve lies to the right of the line x=a or to the 
left of the line x = — a. 

For any value of x such that— a<.r<a, equation (1) gives 
two equal and opposite values of y so that for all such values 
the curve is symmetrical w.r.t. the x-axis or AA'. 


l'i i • . • t y 

So also writing i - IO 

ar (r 


a 


1 as x- = ± V- v ~ V 2 we see 


that no part of the curve lies above the line y=b or below the 
line i/=—b and that the curve is symmetrical w.r.t. the y-axis 

or BB’. 
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Hence the curve lies within the rectangle formed by the 
lines y=zzb x—±a. 


Since there is symmetry about both axes, we need only 
see what happens in the first quadrant. 

When x=0, equation (1) gives y—b. 

As x increases y decreases and when x = a, y — 0 so that 
as x increases from zero to a, y decreases from b to zero. 

Hence the ellipse has the form as shown in the figure. 





intersection C of the axes is 


Definitions 

Axes : — AA 7 , BB 7 , the lines 
of symmetry for the ellipse, are 
known as the Axes of the ellipse 
and since AA 7 >BB 7 , AA 7 is caller] 

the Major and BB 7 the Minor 
axis . 

Also AA'= 2 a, BW = 2 b. 

The Centre : — The point of 
the centre of the ellipse. 


The centre bisects every chord of the ellipse through it. 

__ m qj2t 

For if P (.?!, yi) lies on -5- -f-r 2 - = 1 then it is obvious that 

or 0 “ 

(~ x i> —Vi) also lies on the ellipse. The mid-point of (.r., y ,) 
and ( — x u — y x ) is (0, 0) i.e., the centre. 


The chord joining the points (aq, Vl ) and (- x ,, 
on the ellipse is bisected at the centre. 



Vertices. A, A , B, B are called the vertices of the ellipse. 


8 ' 4 . The ellipse has 
second directrix . 

On the -t- ive side of the 
£-axis take a point S 7 
and another Z 7 such that 
SC— CS 7 =ae and 

ZC=CZ' , =-_. 

e 

Draw Z'M' || to ZM and 
PM' .L Z'M'. Then the 
(equation ( 5 ) of Art. 8. 1 2 


a second focus and a corresponding 
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o 

w 


■VIZ 


%.+. y 

2 I *2 


1 may be written as 


a* ' d z ( 1-e 2 ) 

x 2 + 2a ex 4- a 2 e 2 + ?/ 2 = e 2 .T 2 -f- 2aex a 2 
o r x 2 — 2aex + a 2 e 2 -j- y 2 — e 2 x 2 — 2ae.r + & 2 


or (x — ae) 3 -\~y 2 =^e 2 f 


x 


9°L 


a- 


x-*- 


e 1 


=e 2 


a 

e 




...( 1 ) 


Since PM' = NZ' = CZ' — CN 


a 


x* 


equation (1) can be interpreted as showing that the point 
(,r, y) moves so that its distance from the fixed point S' (ae, 0) 
bears a constant ratio f e’ to its distance from the fixed line 

M'Z\ 

Hence the ellipse could be generated equally well with S' 
for a focus and M'Z' for a directrix. 


Note We could deduce the same result from considera- 
tions of symmetry of the ellipse about the y-axis. 

8*15. The sum of the focal distances of any point on the 
ellipses is constant and equal to the major axis, 

>SP— e.PM— c .ZN — c(ZC-i-CN) =e -\-x ^\=a~\-ex, 

So also ST=e.PM'=e.NZ'=e(CZ'— CN)=e x j 

—a — ex 


Adding, 

( _ I* * 



816- Latus Rectum. The 

chord of the ellipse passing 
through a focus and perpendi- 
cular to the major axis is called 
a latus rectum. The two to- 
ilet her are called Latcra P c c t a . 

•• . 



Let LSI/ he the latus rectum ; then 





* 
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SL— a(l — e 2 ) 


a 2 (l — e 2 ) 


a 


b 2 

a 


The length of the latus rectum =2SL 


26 2 

a 


[We could get it also by supposing L to be ( — ae } y) then 


from 4 +-£=1 


a 


6 2 




we have SL = y — <J b 1 ( i 




a 


a 


6 2 , 
* 

a 


8*7. Def. The circle on the major axis of an ellipse as 
diameter is called the Auxiliary Circle. 

8*18. Parametric Representation of a point on the 
Ellipse. 

Let A'pA' be the auxiliary circle of the ellipse. 

Let P be any point on the ellipse. Let the ordinate NP 

of P meet this circle in P\ 
Then the point P' on the 
circle is said to correspond to 
the pt. P on the ellipse. 

Join CP / and let Z. A'CP' 
be denoted by 0. 

Then the co-ordinates of 
p are (CN, XP') and since 
Cp' ~ct. P' is (a cos <f> y a sin <f>) 
Co-ordinates of P are 
CN and XP ; i.e., a cos <j> and 

XP. 

Let XP be y, Then 
(a cos , y) lies on the ellipse 



x 
a 1 


9 

?r 

i- 


= L 


• * 


y^=b sin 6 


P is (a cos (f), b sin <j > ) 


which is the required parametric representation of any point 
P on the ellipse. 
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So for any pt. P on the ellipse 




x—a cos <j>, y — b sin <j> 

which latter are therefore called the parametric equations 
of the ellipse. As cj> changes we get all the points on the 

ellipse. 

Def. The angle 0 is called the Eccentric Angle of the 
point P. We shall often refer to the point (a cos <j> } b sin <j>) 
as the point* </> ’simply. 

8 19. To find the equation to the line joining the points l <f> > 

x? y^ 

and ‘(j) i on the ellipse - 2 +-^ 2 =1* 


or 


or 


or 


The equation is 

x—a cos </> __ 

a (cos <j>~ cos (fax) 

x—a cos <j) . 


y—b sin <p 


2a sin-—:- - S]r P, 




b ( sin j> — sin <£i) 
y — b sin <f> 

2b cos ^^"“Sin 


2 


x — a cos <(> 


y—b sin (f> 


a sin- 


b cos 


o 


X 


a 


cos 


+ , y • • $ + h 

1 A 4 . s n — — — 


cos <p cos — „ 


I 


. . , ©d-©i 

sin 0 sm 2 ' 


— cos 


(* - #-±*) 

(fr#.) 


= cos 


...(A) 


This equation is important and should be remembered. 
Cor. To find the equation of the tangent at <j>i 
< f) l — (j> in the above. \\ e have 

— cos -T ■ | sill <]> — 1 
a ^ 

as the equation of the tangent at 


put 
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Example. Find the equation to the chord of the 
joining the points whose eccentric angles are <f> and </>-h90 ° . 

Exercises VIII (A) 

1. Find the equation of the ellipse referred to its princi 
pal axes as the axes of co- ordinates 

(i) whose major axis=10 and minor axis = 6. 

(n) whose major axis = 8 and eccentricit 3 ' = £. 

1 


se 


(Hi) whose minor axis=-10and eccentricity 

ms 


*/2' 


(iv) whose foci are the points (4, 0) and (—4 0) and 

eccentricity=J. ’ ' 

(v) whoss major axis = 18and the distance between the 
ioci=6. 

(vi) Mhose latus rectum= — and eccentricity =^-. 

the foci il- 1? SU ” ° f thc Mes - 54 »»<1 the distance between 

2. Find the eccentricity of an ellipse 

(f) whose major axis is double of the minor axis. 

(«) whose latus rectum is one third of the major axis 
(in) the distance between whose foci is equal to the minor 


axis. 


3. Find the eccentricity, foci, directrices 
equations of the latera recta of the ellipses ’ 

(a) 4a: 2 -)-9y 2 =36, ( b ) 9x 2 +4y 2 =;36 


lengths and 


^*2 <*.2 

(a) may be written as — 4- ¥- 

9 4 


= 1 


* • 


a 2 =9, 


h*=4. 


Since h 2 =o 2 (l—e 3 ), 4 = 9 (i_ e 2 ) 

e 


4 — 1 — e 2 • p 2 — 1 -4 s 

x e .. e — i — 9—9 


a /5 


* * 
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Since ore— 3. 


Again 


a 


3. 


Jo 

3 

3 


Jb /. foci are (±ae, 0) or (±\/5, 0) 


9 


J b J 5 


The directrices viz., 


a 

e 


or a; 


9 
-x/5 


Length of either latus rectum 


26 2 8 


a 


3 * 


Also their equations are — i\/5. 


Writing it as 


= 1 and attending to what was 

said in note Art., 8T4 we see that this is an ellipse whose 
major axis lies along the y-axis, whose foci therefore lie on the 
?/-axis and whose directrices and latus-reetum will be parallel 
to rr-axis. 

b 2 , 

a , 6, e are the same as in (a), so also — and therefore the 

a 

latus rectum. 

The foci are now (0,+ae) or (0 t + Jo) 

Equations to directrices are 

a 

y= h 

j e 

9 

” a/o 


and to latera recta. 

= ±*J5. 

4. Find the eccentricity, latus rec- 
tum and the co- ordinates of the foci of 
the ellipses given by 

5ar 2 + 2j/ 2 =l. 





(i) 

(tit) 9 .t 2 -t 16?r 


(n) - r+3 ir 


a 2 . 


144 


[P. U . 1936} 


(ir) 9x 2 + 4y 2 =36, 

(v) 4x 2 + 3y 2 =24. 


[P. 17.] 
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5. Find (a) the eccentricity and the distance between the 
feci of the ellipse 3# * l 2 + 4y 2 — 12. 

(6) the foci and the ends of the latera recta of the ellipse 

2x 2 +3y 2 = l. 

« 

6. Find the centre, the second focus, the second directrix 
of the ellipse whose one focus is (2, — 3) the corresponding 
•directrix is aH-y+li=0 and eccentricity =f. 

[S is (2, —3) and MZ is given on £+2/+ 11=0. 



-Z 




j. 

s 


c 



equation to SZ is 
x 2 (y+3)=0. 

or x— y— 5=0, 

Z, the point of inter- 
section of SZ and MZ is 
( — 3, —8), 


The vertices A, A divide SZ internally and externally in 
the ratio of 2 : 3. J 

• i 

X of A= — —0 and y of A= ® —5 

° o 

■ ■ A is (0, —5). • 


x of A'= - 6 ,- 6 =12 and 

l ’ X 



. A' is (12, 7). 

J) 

C the centre which is the mid-point of AA' is (6, 1 ). 
Let the co-ordinates of S' the second focus be (x, y) 

, . Then (6, 1) is the mid-point of the join of S (2, —3) 


S ■' (x, y) 


x — 1 - 2 

— =6 and 



giving S' as (10, 5). 


and 


,, Again if Z be (x, y). Then C (6, 1) is the mid-point of 
the join Z ( 3, — 8) and Z' (x, y) whence Z' is (15, jqj, 

equation to M'Z' which is parallel to MZ is 
• x— 154-?/— 10=0 or x-f-«/=25 . ' 

Find the centre, the second focus and directrix for 


7 . 


iucus ana airectrix for 
thedlipse whose one focus is (1, 2), the correjsponding directrix 
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8 . 


Show that the point (-j-f yf- » ~|- 2 y lies on the 


ellipse 


r-2 


a 


r 

¥ 


1 for all values of (, 


9. Show that in an ellipse 
... PN 2 BC 2 

U) 


AN.A'N CA 2 
{it) AS. AS'-BC 2 

where PN is the perpendicular from any 
ellipse to the major axis AA', C is the centre, 
minor axis. 


point P on the 
and BB' is the 


Id. What are the values of the parameter p for the 
vertices A\ B, A, B' ? 

11. Find the eccentric angle of the pt. (4, 3) on the ellipse 


x 2 

64 


y 

12 


1. 


12. What are the values of p for points of intersec- 


V- j/2 

tion of ’ +-77 — 1 and the line bx=ay 1 

a ' ¥ 


13. Find the eccentric angle of a pt. on the ellipse 

- _=1 whose distance from the centre is 2. 

ir 


a 


14. Find the co-ordinates of the points on the ellipse 




x~ 


a 


ir 


— - =1 whose eccentric angles are (a) 


TT 


(b) 


O 


77 

n • 

a 


■J o 

• T 


15. If P and Q are the points on the ellipse — 2 4 -y* 

7T 

whose eccentric angles are i and +^, then show that 

CP 2 +CQ 2 =« 2 + b\ 


16. P is the point on the ellipse „ 

Cl 


x -- V- ==1, whose 
' 6 s 
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eccentric angle is <f> ; show that S'P=o(l-e cos <f>) and 

cos <f>) where S and are the foci, 

. ® The reader must, by this time, have become familiar 

with the methods that have been followed twice over ; first 
for the circle and then for the parabola. He would not, there- 
fore, require us to go into detail so far as the next few articles 
are concerned. 


8 21. Points of intersection of a line and an ellipse. 

The abscissae of the points of intersection of the straight 
line, y=mx+c 

...... ^ 4 .^ 


and the ellipse 


x 

a 


2 ..2 


- 4 - V. 

2 7,2 


1 


(2) 


a 2 

or (b 2 -\-a i m ^ ')x t -\-2a 2 mcx-\-a z (c , 


1 


are given by the quadratic --4- (^± c ) 2 _ 

-• b 2 

, .. v _ -b 2 ) = 0 ...( 3 ) 

and the points would be real, coincident -or imaginary depend- 
ing on the nature of the roots of (3). 8 y P 

Condition of Tangency 

roots ?viz. F ° r tangCnCy equation (3) above must have equal 

7 * 

a%i 2 c 2 4- a 2 (ahn 2 4- b 2 ) (c 2 — b 2 ) = 0 

a 2 rrfib 2 —b 2 c 2 +b i =0 

1 J 


or 


which gives c 2 =a 2 m 2 +b 2 
as the condition required. 

Substituting for c in (1), we get 


or c— J- V ' a 2 m 2_j_&2 


y— mx± y a 2 m 2 -\-b 2 - 


... A) 


from te^el^be dr ‘"‘T A 'd- “ " 0, f, a ? 

fo . given line or, to J* it dtSetti^” ?££&£?* 

Hinno / A \ : 


Equation (A) is important. 


822 


Length of the * chord intercepted on the 

r _ V ■ to * if / 71 


y=mx+ c by the ellipse^ -+- 9 


lim 


a 2 


b 2 


1 
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If Xy f x* are the roots of (3) of Art. S/2L 

2a 2 ??? c 


we have .Ti +a\ ? = — 9 


V O t i *> 

flrwr-W>“ 


and 


x x x»= 


cr(c°—b *) 


i f 


9 O . J 9 

o _•) _9 


(*|— Xo) 


„ _ 4a 2 [ m “c 1 a • — ( a- m 2 -J- b 2 )( c 2 — b 2 ) J 
’ = (a 2 m 2 +6^ _ 

. 4'v 2 6 2 (« 2 w/. 2 ~6 2 — c 2 ) 


/ v _ 9 a 9 -J 

So that the length of the chord 

= V (1 +»*-)(*! — a ;,) 2 


t ' 


2a/> */ 1 f ur sj a 2 /n 2 + 6 2 — c 2 


! 


9 O j 7 *> 

a-/r/“4'0- 

Cor* Once again, for tangency, this length must be zero ; 
whence c 2 — a^wi^+fc-. 


* rr 


i 

3x+2y—6=0 with the ellipse 


= 1 . 


so that c =■•■ ± -y/ a 2 m 2 + 6 2 as before. 

Example 1. Find the points of intersection of the line 

0 9 «■ 

*■ j. r 
T + $ 

Also find the length of the chord intercepted. 

Solving together, we have 

9x 2 +(3x— 6) 2 =36 or 18x 2 — 36x=0 
giving x = 0 and x—2. 

The corresponding values of y are given by the equation 
of the st. line to be 3 and zero, so that the points of inter- 
section are (0, 3) and (2, 0). 

Length of the intercept =\/ 4 + 9 = V 13. 

Example 2- Find the equations of the tangents to 
ellipse 4x 2 -\-9y 2 =l$ perpendicular to the line 3x.—2yfrl— 0. 

We have seen that y=mx+Ja 2 m 2 +b i t 

touches the ellipse for all m. Writing the ellipse in the form 

^— = 1, we have o*=|, 6 2 =2. 

A 2 

It W 
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would be 2 


2 r 

3** 


Also, the slope of the line being § , the slope of the tangents 
2 

3* 

from (1), the tangents are y— - 
or 2x-j-3?/i6 — () t 

Aliter Any line perpendicular to 3a; 

2x-\~ 3 y-j-k 0 


sj\ . 1 + 2; 


• 2 y+l- 

0 is 

......(2) 

^j-2.r) 2 

"» O * 

9 

= IO 

m 

* • * (8) 


or &r 2 +4;h;4-(p__]S):=0 
For (2) to touch the ellipse, (3) must have equal roots. 


* * 


16£ 2 — 32(& 2 — 18) = 0, giving & = + 6 


A Tangents are 2.r+3?/ = t : b=0. 

8 23. Chord and Tangent. 

(a) To find the equation of the chord 


Q ( x 2 y Vi) on the ellipse 


x~ 

a 2 


yf 

b z 


joining P(x v yf) and 


= 1 . 


x 


a ^ x 1+X 2 ) (2/! + ^)=-^ (*1 + X 2 )+ -^-( yi +y 2 ) 


X 


?/l 


X \ X 2 


a 


2 


ViV‘ 

b 2 


+ "*-*- + 1 (A) [by (in. . 


^ b,e ®<l uatl on of the chord joining the points ‘fa 

_ tL f ay ¥ obt , ained fl ' om equation (A) by making 

’ OS y ' ~ h _ S1 _ n £ 5*=a c °s fa and y 2 =b sin fa. Making 

§ 


t T f U I ^ olU \jJ } U 

these substitutions we <y e t 


cc 

—(cos<f> + cosfa) + -f(sin^+sinfa) 


or 


2x 

a 


cos 


cos (j> cos ^-f-sin ^ sin ^ + 1 
2 


cos 


< f > — fa 




p sin^+i 1 

0 2 


cos 


<j>— fa 


1 +093 ( <f> - fa) 

=2 cos® 
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or 


X 

a 


co 


<t> + <l>i . y 

- ^ ~T -T- 


sm 


^4 <j>i 


cos 




\ 9 


• ••!•• (A. r ) 


[C/ Art. 8-19] 


Both P (x 1> y x ) and Q (x 2 , y 2 ) lie on the ellipse 


X 


* « 


+ 


a 


Vi 

b°- 


1 


/j* 2 

x i) 


a 


+ 


6 2 


1 


( 1 ) 


or 


2 , t/ 2 2 — 37 1 2 _ 0 
2 ^ b % 


a 


or 


V 2— 2/i_ 


To — X 


1 


6 2 T 2 + T! 

a 2 * V2+V1 


( 2 ) 


Equation to PQ is y—y\ 


y%-y\ 

Xt% — Xi 


(s— *l) 


Equation to PQ is y~y\— — “(x — ^i) 


or 


y-2/i= 


t 2 — ^ 

or 


y*+»i 


i t « 1 # I 



(6) Tangent at P (x lf ?/i) : — 

PQ would be a tangent' to the ellipse if Q 
with P, Making x 2 — x x and y 2 = in (3) we have 
equation of the tangent 

* *' • T- * :.) 



y 


.‘/1=- fl 2 


Vi 



(4) 


. 2 


or 




o 

II- 


b- 


a 


+ 


6 2 


1 (B) 


Cor 


(c) 


[by the virtue of (1) above] 
Tangent at ( a cos <f>, b sin <j>) is 

x cos , y sin <j> 

~~a~ + b 

To find the equation of the normal at .P (x lt yfj to the 


1 


(B') [Cf Art. 8-19 Cor.] 
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The normal at (x x y x ) f being a line perpendicular to the 
tangent at (x lt y j) has for its equation 

Vi 


a V\i 
»-*=&■ 


or 


a 

x 


(X — Xj) 


Cor. 


bj_ 

y\ 


(y-y i) 


(C) 


Normal at ( a cos <f>, b sin <j>) is 
a cos <f> = b(y — b sin <j>) 


or 


cos <f> 

ax 

cos (f 


sin <f> 


by 
sin <f> 


a 2 —b*... (O') 


Note Equations (A), (A'), (B), (B') f (C), (O') shall be 
of frequent use and should, therefore, be remembered. 

Example 1. Obtain the equa:ions of the tanqent 
normal to x 2 +5y 2 =14 at (3, 1). ' 1 y 

Substituting in the equation of the tangent 

xx i + 5yyi= 14, we get ‘3x+5y= 14. 


and 


* * 


Slope of the tangent 
tt f t normal 

Normal at (3, 1) is y—l 
or 5x— 3y=12. 


3 

5 


5 

3 


I (-T-3J 


J f a I] . ne 1S given to be a tangent to an ellipse, the 
equations of the line and the curye solved simultaneously must 
give a perfect square in one of the variables. That would sive 

US ° 0 ; or dinates of the point of contact; the other 

could be found from the equation of the straight line. 

that - 2x +y~4=0 touches the ellipse 

4x + y 2 =S. Also find the point oj contact. H 

Solving together, 4x*+{2x— 4) 2 =8. 

giving 8(.r— 1) 2 =0. 

curved a PerfeCt SqUarG ’ showing that the Iine touches the 

rfi^^ 1 a ^ d fl ’ 0m the e< 3 uation of the line, we 
get y~ 2 so that (1, 2) is the point of contact. 
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The following method, however, is much more convenient 
in practice, especially where we have to deal with equations 
with algebraic co-efficients. 

Example 3. Find the condition of tangency of the line 
lx -|- my — n = 0 with the ellipse. 

2 2 

- + vo — i . Also find the point of contact. 
a- b 1 

Let (aq, yf) be the point of contact. 

(aq, yf) lies on 1x-\-my-\-n~0 t . 

lz 1 ^ r my 1 -\-n=0 . , 

Tangent at (z lf y L ) to the ellipse is 

• a 2 b 2 


which will be the same as lx-\-my-\-n 

Vi_ = _ L 

Irm 


-0 


if 


a 2 l 


n 


aH 


giving .r !=i 


n 


and y x 


b~m 

n 


as the point of contacj.. 

a 2 l 2 • h 2 m 2 A 

Substituting in (i) we get — + — 

OT a 2 l 2 +b 2 m 2 — n 2 = 0 as the condition required. 

8 25 Equation of a chord in terms of the co-ordinates 

of the middle point. 

If M (h, k) be the middle points of the chord PQ whose 
slope is m t the equation to it is 

y— fc=M(* — &) V * (1) 

Also if P be (x u y x ) and Q (x 2 , y 2 ), the equation to PQ is 


X V X-tXty . VjVo , 1 

(Zj+x,) — 2+ (j'l + 1/2) T“ = " ' 


b 2 a 


b 2 


••( 2 ) 


* * 


m 


* 1 +*2 

yi+y* 


2 


a 


[Eqn. (A) Art. 8*23j 

...(3), 
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Since % 1 +x 2 = 2 h and y 1 J r yc l ~21c ) 


Eqn. (3) gives m 


h 

k 


¥ 1 . 

(> so that (1) becomes 
a~ 


or 


; h h ' 2 , i ^ 

y — k~ — r - —(a:— A) 

•k a - 

h k 

-b (a?— A) + tt- (y— Aj = 0 


or 


\T 

-vote. 


or 

hx . kij 


b 2 


a 


■> 


; ' 2 ii *! 

6 2 = a 2 ' t_ &s * 


„ * 

If , the mid-point be (r lf yf) the equation will be 

, Wi tv 2 . - 


xx 

a- 


VVi 
¥ 


+ 


x 2 

w 


rr ¥ * 

■ j f 

Example. Find the equation of the chord of the . ellipse 

y- ' * 


3 


1 which -is bisected at the point (2 f 3). 


Making y 1 = 3 and a 2 = 4, 6 2 = 3 in the equation of the 

4 . 9 
3’ 


, , 2x 3y 

note, we get - +-~ 

, 4 3 


or x-f-2y — 8=Q. 

chord ^ Locus .of the middle~point$ of a system of parallel 

/Q > Y m be the fixed sIope of the parallel system, equation' 
{6) above gives 1 n 



x 


x 


¥ 


h 

k 


¥ 


m= - 

y\~ty 2 O" & a 

so that the middle-point (7t, Jfe) lies 
on the locus whose equation is 

x b 2 
• — (T ~ m 


t r \ 


or y 


y a 

b 2 


arm 


x 


..( 1 ) 


Spse ^ a Straight line P assin g through the centre of the- 
This locus again is called a diameter of the ellipse. 
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Cor. Since y=mx is the diameter parallel to the system 
of parallel chords equation (1) states that the diameter 
y=m'x will bisect chords parallel to the diameter y=mx if 
fc 2 

f ^ 

Wl * 

crm 


Exercises VIII (B) 

1. (a) Find the length of the chord intercepted by the 

ellipse 2x 2 4-3?/ 2 =10 on the line y—x t 


( b ) Find the length of the chord intercepted by the ellipse 
# 2 -n3*/ 2 =4 on the line x-^y= 2* 


2. Show that .r+2y— 4=0 is a tangent to 3z 2 +4y 2 =12 ; 
also find the point of contact. 

3. Find the tangents to the ellipse 4x 2 4*3?/ 2 =5 which are 
parallel to the line y—Zx-rl. 

4. Find the tangents to the ellipse 4^ 2 + 3y 2 =l which are 
J_to the line 3x— 4?/ +5=0. 

5. Find the tangents to the ellipse & 2 x 2 +a 2 ?/ 2 =a 2 & 2 which 
make equal intercepts on the two axes. 

6. Find the equation to the tangent and normal to the 
ellipse 4x' 2 -j-3?/ 2 = 24 at the point (\/3, 2). 

#2 ^ y2 

7. (a) Prove that the tangents to the ellipse ^ 2 + -p 

at the extremities of a latus-rectum which is in the first 
quadrant, the corresponding directrix and the major axis 

meet in a point 

(h) Write down the equation to the normal at the same 
point and prove that it shall pass through the lower ei }d of 
the minor axis if (M-e 2 = l, where e is the eccentricity of the 


ellipse. 



ellipse 



Show that the line Ir-^my+n — 0 will 

iL - r J y2 _=l if a 2 / 2 -Wrm 2 =n 2 
|2 Jr 

Show that the line x cos a+y sin « = ,p. 


will touch the ellipse 





i 


touch the 



1 


*r» 


the ellipse 
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if a cos 2 cz-j-b 2 sin 2 a=^p% 


4 i 


proceed as under “ etllods “ lr “»dy given, .« can also 

Ut m tOUch W “*r‘ (« cos *, 6 sin 4 ), then ( 1 , 

must be the same as— + V s >» <t> 

a i 

t 

cients, C ~- ( f > -j_ sin 

a c os a b sin a 


1. Comparing co-effi- 


1 


P 


To obtain the required condition we have to eliminate 


<j> from relations (3). Now no* f - a cos g 


; sin ^ 


6 sin a 


Squaring and adding we get a 2 cos 2 a~j-t: 2 sm 2 a: 


V 


p 


Note. Equation (3) also ai v * a ±i • x 
[a cos <f> , b sin <j>] ° ^ ie P om t of contact 

10. Show that the tangents at thl „ 

to the ellipse and the auxiliary cirri* ^ * corres P onc lmg 
axis of the ellipse. ^ lc e lntersect on the 

in Q.B. Se n S“le an |o P Tr Ut P ° f dU P« ”>cet 

o e oyrR is completed. Show 


points 

major 


locus of T is the ellipse a2 b ~ 

x* y* 


the axes 
that the 


1. 


(Let the tangent be X cos ^ ; -V sin ^ 


1 



a’ 


i iS 


z 


a 


b 


cos <f> ' y ~~ s j n a • Eliminate 6.} 

1L Find the common tangents to 


,2 


1 and 


x 


the ellipse— 

o 2 +6 


a 




y 


v 2 

b* 


a*A-b* 


1. 
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[Hint. If m be the slope o f a common tange nt, the 

•equations ^/(a 2 +& 2 )m 2 -f-& 4 and y-=mx- fV a 2 m-+a 2 +6® 

Tttust be identical. Equating (a 2 +6 2 )m 2 +5- to a 2 m 2 +a 2 +6 s 

^ve cr 6t 772 ,= -j- - _ } whence easily the tangents.] 


13. Find the locus of the point oi intersection of the 

linpcJ? — *L+ t-.=0 and— + -%- -1=0, « being the variable 
imLb a b a b 

parameter. 

14 Find the equation to the locus of a point which moves 

so that the sum of its distances from two fixed points (ae, 0) 

and (— ae, 0) is constant. 

1 - \nv ordinate ^P of an ellipse meets the auxiliary 
circle in Q. Prove that the normals at P and Q intersect on 

the circle •r 2 +;y 2= ( a 'i"^) w- 

i fi P P' and 0 O' are pairs of corresponding points on 
the ellipse find the aoxUiary eircle, prove that PF, QQ' »»«* 
the major axis in the same point. 

17 Find the equation of the chord of the ellipse 
** i y' 1 — i which is bisected at (1, 1). 

T 3 . 

18. Find the locus of the mid-points of the portion of 
tangent to the ellipse £+ % =1 intercepted between the 


axes. 

19 The normal at P meets the major axis in G. Find 
the locus of the mid- point of PG. 

9 0 Find the locus of mid-points of the chords of an 
-ellipse which subtend a rt. L at the centre. 

21 . Find the locus of mid-points of chords of an ellipse 

(o’) which pass through A (a, 0), .« 

(],) which pass through the fixed point (fc, h). 
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Geometrical Properties of the Ellipse 

Note 1, The equa- 
tion of the ellipse 
throughout this section 
will be taken as 


a 


& i_ y & 
2 b 2 


= 1 . 


■A 1 offi 2. The figure 
opposite will serve 
throughout the section 



of ^ *° iM » - 

Let P (a cos. <j> h sin j>) be any point on the ellipse. 

SP=V , (Tci.-#+^;+jr^ r ’ h (+ “> °> respectively, 

cos 2 J) —I— 2 Cl pns rk i i 
„ o , 9 / ^“ a cos * +«V-hafsm 2 9 S- a 2 e 2 sin2 , } 

— V (a -fSa-e cos <^-f cos 2 ^^ 

■ • ~ a-j-ae cos 

Similarly, S'P =a~ae cos <f> 

■\TT^ tbe “ aior [C/ - Art - *-i<g 

a -t Ae normal and Ihe tanaent bhrrt tio „• , • 

sr *—2 &t; r 

Let P be (a cos 5 sin • 

Then (Art. 8-31) SP=a(l +e cos 0 ). 

® (1 — e cos ^). ■' • 

SP^ 1 -f- e cos j 
S P 1 — P, f»rva 


1 — e cos 

Equation of the normal at P is 
a sec <f>, x—b cosec 6 t y~a 2 — fe 2 

Where this meets the a*-aYi« n « a » 

lIlb a sec ^==a 2 _52 


( 2 ) 
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are 2 


* * 


X 


a 2 —b 2 


a sec <f> a sec <£ 


— ae 2 cos 


Hence G is (crc 2 cos <£, 0). 

SG __ SC+CG = _ae+ae 2 cos 
•** sG # CS' — CG at- at 2 cos <f> 


1+e cos </>_ SP 
1 — e cos <f) SP' 


from (1) 


• the normal PG bisects the angle SPS' internally and 
the tangent, being perpendicular to the normal, therefore 

bisects it externally. 

8 33 The .semi-minor axis of an ellipse is the mean pro- 
portional between the perpendiculars from the foci on any 

tangent of the ellipse. 

Let P (a cos 6, b sin </>) be any point on the ellipse. 
Tangent at P is ^eos <l> +-'• sin <£=!• 


or bx cos (h-roy sin $ ab 0. 

The perpendicular SY from the focus S {-ae, 


• If 



0) on this 


tangent 



— abe cos (j>—ab 

“ V^cos'^+a 2 sin 2 <j> 

— g b[l -e cos f>) 

— \fb' 1 cos 2 <£+a 2 sin 2 <£ 

Similarly 
—ab( 1— e cos < j>) 

S Y< = 'fjlp cos 2 <j>+a 2 sin 2 <j>) 


a 2 6 2 (l- e 2 cos2 ft 


4 

r% t 


-,21.2(1 _ e 2 COS 2 (j> ) __ , , , , o , 

o\' r - — - - - — o r - © i n 2 ( i e 2 )cos 2 <f>+a sin (j> 

Si.c t —yi cos v f/> + a 2 sm 2 <£ a e /lu 


lr(\-e~ cos 2 <ft) _fr 2 
1 — t 2 eos</> 2 
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8 . 34 . The locus of the feet of the perpendiculars from the 
foci on any tangent is the auxiliary circle . 

The equation of the tangent at P (a cos <f> , h sin f) is 


x 

a 


y 


cos (f> J r ~sin (f> = 1, 


or b cos <f>. x-j-a sin f , y~b ...(1) 

The line through S( — ae, 0) perpendicular to (1) is 

a sin f(x^ae) - b cos <j>. y~ 0 

or a sin <f>. x — b cos <f> . y= — a 2 e sin <f> ...(2) 

Squaring (1) and (2) and adding. 

(# 2 +^ 2 )(a 2 sin 2 <£ -}-& 2 cos 2 <^)=& 2 6 2 -f~a 2 e 2 sin 2 <^ 

=a 2 (6 2 -fePe 2 sin 2 ^)=a 2 [6 2 cos 2 <f>-{-(a 2 e ? ‘ — 6 2 )sin 2 </>] 

= a 2 (b 2 cos 2 <f>-\-a, 2 sin 2 </>). 

i 

Dividing both sides by a 2 sin 2 <£-r& 2 cos 2 <f>, we get 

x 2 +j/ 2 =a 2 as the locus required. 

Note . As an exercise, Jet the student take the equation 

of the tangent as y=mx-\- /s /a 2 m*-\-b 2 and then obtain the 
result*. 


8 * 35 . The locus of the point of intersection of perpendicular 
tangents to an ellipse is a circle . 

The line y^=mx-\-/^/ ahn 2 ~\~b 2 

or y — mx = a 2 m? -J- 6 2 

is a tangent to the ellipse for all values of m. 


For the tangent, perpendicular to it, slope = — 

•m 

Hence the equation of the perpendicular tangent is 


I 

m 


y 


l 


m 


x + 


or my-*- a; = V a 2 + 6 2 m 2 . 



2 


m 


+6 2 




...( 2 ) 


To obtain the equation of the locus of their point of inter- 
section, we have to eliminate m between (i) and (2). Squarin'* 
and adding them, we have ° 

y 2 + m 2 x 2 x 2 -j~ m 2 y 2 =a 2 m 2 +b 2 +a 2 -{-b 2 m 2 
Or- (l + TO 2 )(£ 2 -f^) = (l-f m 2}( a 2_j_ fc2 -) 
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a. 


or ' x 2 +y i =a*+b 2 

^ ^ tin 1 equation of the required locus which is 
circle having its centre at the origin 

o r 

Def. This circle is called the Director Circle of the 
ellipse, m 

Example 1. If the tangent at a point P on an ellipse meets 
the major axis in T and the minor axis in t and N and M a*e 

the feet of the perpendiculars from P on the major and minor 

axes respectively, show that 


(;) CN.CT^a 2 


(«) CM.C/=6* 


Example 2. If the normal to an ellipse at a point P meets 
the major axis in G and N is the foot of the ordinate of P, show 
that CGj-e 2 . CX where C is the centre of the ellipse. 

Example 3. If the normal to an ellipse at a point P meets 
the major and minor axes in G and g respectively, and OF is 
the perpendicular from the centre C to this normal, ,-how that 
(i) PF. PG=b 2 and (ii) PF.Pg=aK 

Position of a point relative to an ellipse. 

Proceeding exactly as we did in the case of the parabola, 
the student should have no difficulty in proving that the pt. 

,2 

= 1 


S(aq, (h) will be outside, on, or inside the ellipse 


x 

d 


-t- 


V 
b 2 


x 

* L i i 


Vi 


according as — -■ ~r 

Or fr 




1 - 0 . 

> 


8 41. Tangents from a point to an ellipse 

We have s ee n t h a t y = m x J a 2 m 2 -f- b % 




touches the ellipse 


o 

x- 


a 


T 


0 = 1 whatever m may be. 


It will pass through the point (x lt y v ) if 

y l ~mx l - 1 - a 2 m 2 + ft 2 . 

This equation wliicli may he written as 

(y/i — mx x ) 2 — a 2 in 2 + b 2 
o r (x 2 — a 2 ) m 2 — 2x j y x m + y j 2 — b 2 = 0 

gives us the slopes of the tangents that pass 


through .the pt, 
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(r,, y x ). Equation (2) being a quadratic in m, two tangents 
can be drawn to the ellipse from (aq, y x ). And they will be real, 
coincident, or imaginary according as the roots of (2) are real, 
coincident, or imaginary 

i,e,, according as x^y i 2 —{x x 2 —a l ){y x 2 —b 2 )^0 
according as b 2 x x 2 -f- a 2 y x 2 — a~b 2 ]> , — or <C0. 


or according as 


2 

’ + 
a 2 b 


2 ' /i 2 J 


or <1 


ie., according as the pt. (rq, y x ) is outside, on, or inside 
the ellipse. * 4 

Note . The equations to the two tangents from {x Xt y x ) 
may be obtained by substituting in(l) the two values of m 
got from (2). 

8 42. Locus of the po hit of intersection of tangents to an 
ellipse inclined at a constant angle a . 


Let 


,r 2 y 2 

9 i t o 

a- 6“ 


1 be the ellipse and (x lt y x ) the point of 


intersection of the tangents, 

y =mxA- yx 2 m 2 + b\ 
touches the ellipse for all values of m. 

(1) will pass through the point (sq, y x ) if 


(1) 


( 2 ) 


(3) 


y x = mx x + <sj arm 2 +6 2 
Equation (2) which may be re-written as 

(yi ~ mxi) 2 = a 2 m 2 + b 2 . 
or ( x \ 2 — a 2 ) m 2 — 2 x x y x m + y x 2 — b 2 = 0 

gives the slopes of the two tangents to the ellipse that pa'sfc 
the point y x ). 

If m Xl m 2 be the roots of (3) 

2x i Vi 


m 1 +m 2 


x^—a 


b 2 


y x - 
x- 2 —a u 




(5) 


By the question, 
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, Wi-W., 

tan ar = — ± 2 


1 ~\-m x w o 

\J (w?!+ w„) 2 — om 1 m 2 

1-' 


m 1 w 2 



Vi 

Xi 


— ’ o 
.. ft 




1 


2/i 2 — a- 


2 


a 


_"V 2 .*/ 1 2 — ( -^i 2 — a 2 ) («/i 2 — 

x^+y^—a 2 —^ 

_'2 s /b-x { 2 +a 2 y l i - 


b~' 




SO 


at (.r,, 



9 t 9 9 

- — a* 2 — 




2 a 6 V ^ + ?- 1 

Ti 8 + ^i 2 — a l — b % 
the locus given by 

G */ 

- 4 ° ,6 * r S+-S-i 

a- /> 2 


cot 2 a 


...( 6 ) 


Cor. The particular case of intersection 
may be disposed of either by (5) which gives 


Of : 


tangents 


2 -I) 2 


Vi 

Mo= ‘ 0 * 

1 - aq 2 — a 2 


= -l 


so that x 2 -{-y 2 — a 2 +6 2 is the locus required ; 

or by putting a = 90' in |6j, [Also see Q, 7], 

8 43. The discussion of normals from a point and of foci 
arising out of it is too complicated for this booklet. We shall 
content ourselves with telling the reader that in general four 
normals can be drawn from a pt. to an ellipse. And this 

he can see for himself by putting tan t ~t in the 



ax 


h 


=a 2 —b 2 

cos <A sin <p 


(1) which is the normal to the 
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ellipse at any point and arranging it as an equation of the 
fourth degree in t which must have four roots. 


Exercises VIII (C) 


1. Find the equations of the two tangents to the ellipse 


— ’+9 — 1 f rom fhe pt. (—15, 


7) [See note to Art. 8 41] 


2. Find the equations of the two tangents to the ellipse 
x 2 -\-2 y 2 =6 from the point (4, 1). 

3. Prove that the angle between the two tangents from 

( x i> Vi) the ellipse — + - —1 is given by 

CL “ 0 “ 



Tangents are drawn from a point P to the ellipse making 
angles © 2 and © 2 with the major axis. Find the locus of P 
when 


4. constant (say 2a). 

5. tan ©j + tan 0 2 — c. 6. tan tan Q z — d. 

7. tan ? 0 1 + tan 2 0 2 = ( fc. 8. cot © x + cot 6 2 =g. 


8*5. Chord of Contact. As was proved in the case of the 
parabola, it can be shown that the equation of the chord of 
contact of tangents from P(.r 1? y x ) to the ellipse 

2 / ’* 2 • xx i i yi/i , 

is — « +,-+=1 




a 


b 2 


a 2 


b 2 


... ®’P- Pole and Polar. The polar of a point w.r.t. an 
ellipse is denned exactlj 7 as in the case of a circle or a parabola 
and following the method indicated there, the student can 
easily show that the polar of P^, Vl ) w . r. t; the ellipse 



P is called the POLE of its polar. 
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Example Show that the polar of either focus of an 
ellipse is the corresponding directrix. 

2 2 

Let tlie equation of the ellipse be =1. 

a- b 2 


.. the polar of the focus ( — ae } 0) w . r. t. this ellipse 

r (~ ae ) T • ~a 

a. - — -- — J i.e. x~ 

e 


13 


a 2 


which is equation ot the directrix corresponding to the 
( - ae, 0). 


Example 2. Find the pole of the line 2.v-3ij=h w. r. t. the 

ellipse ' 

4 


9 


Let (x lt yi) be the pole of the line 2a; — 3i/ — 6=0, The polar 


a- . y 


y i j ii'.r.t., + 

9 4 


1 i 


is 


XX 

9 


i + ^i = 1 


or ~a~ t^f 1 — 1=0. 

y 4 


This equation and 2a — 3y — 6=0 represent the same 
straight line. 


Off 7 / 1 

comparing co-efficients we have , -- = - *- — 

IS —12 6 


.Tt = 3, V\ — — 2. Hence the pole is the point (3, —2). 

8 52 . The following properties of pole and polar follow 
at once : 

(?) If the polar of P passes through Q, the polar of Q 
passes through P. 

P and Q are called conjugate points w. r . t. the ellipse. 



1 Tie pole of Zr+my +n= 0 is 




(Hi) If the pole of a line L l lies on L 2 then the pole of 
Lo lies on Lj. 

mi 

L 2 and L 2 are called Conjugate Lines u\r.i t the ellipse. 
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Exercises VIII (D) 


1. Find the polar of 

(i) (2, 3) w.r.t. the ellipse 2x 2 + ?/ 2 =l. 

(n) ( — 3, 4) w.r .t. the ellipse 3 x , 2 +4t/ 2 =5. 

2. Find the pole of the line 

(i) x+2y = 3 w.r.t. the ellipse 2x 2 f-3y 2 = l, 
(u) 3x’— 4y+5 = 0 w.r.t. the ellipse 4 x 2 +y 2 = 


3. 


3. Find the condition of conjugacy of two points (%, 2/i) 

4. Show that the lines lx4-my=l and Vx-fm'y~\ are 


x 


•2 


conjugate lines w.r.t. the ellipse n + 


V 


2 


2 * £2 


1 if a 2 lV -\-b 2 mm' = 1. 


5. If the polars of two points P and Q w.r.t . an ellipse 
meet in R ( show that R is the pole of the line PQ, 

6. Show that the condition that the pole of lx-\-my— 1 


x z 


?/ 2 . . x* y 

zv.r.t. the ellipse “ + *, = 1 may lie on the ellipse + 4^2' 


a 


= 1 is a 2 l 2 -\~b 2 m 2 =4r. 

8*6. Conjugate diameters. 

If the diameter y—inx bisects chords parallel to the diameter 
y=mx> then the diameter y — mx bisects chords parallel to the 
diameter y=ntx. 

Let the diameter bisecting chords 
parallel to y=m'x be y— K#. Then 


K 


b 2 


a 2 m f 


( 1 ) 


[from Cor. Art. 8*26] 
Also since y=)n'x is given to 
bisect chords parallel to y—mx , 

b 2 

m — — 


a 2 m 



From (1) and (2), we have 

„ b 2 b 2 

K = — 


a 2 m 


a 2 m ' 


d 2 * (- 6 2 ) 


m. 
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chords pamheHo f y=m x 'is y-mx^ th ® diameter bisecting 
con jugacy then is mm'=~ b 


o 

cr 


Tote tZJrsVJ^r ° ! '** 


*-fy=o, y 


a 


, x and ?/= — 
b J a 


x w.r.t. 


2 


1 


U- 


a- ‘ b* ~ 

Example 2 Prove that y+3x=0 and 4y~x=0 are com 

gate diameters of Sz 1 -^ 4 y 2 =z J are C0V J 

r 8 , 61 ‘ 1 T J ie ; ccentric a *9k of the ends of two conjugate semi 
diameters differ by a right angle. J J 

Let P and D be the ends and <f> and fo be their eccentric 


angles. 


Slope of CP= 6 -^ n \ and slope of CD : 

a cos <p 1 

J he condition of con jugacy viz . mni = 


b sin <j) 1 
a cos cf > j 


gives 


a 


2 


therefore 


b 2 sin 0 sin <f> r __ 
a 2 cos 6 cos (f> 2 
or cos <f> cos (f) X sin <j) i =0. 


62 


a 2 


giving cos (^^ 1 )=0, . 

mi 

bote. Solution of problems on conjugate diameters are 
greatly simplified with the help of Art. S‘61. For if P be 
(a cos <j), b sin f), then D is { a cos (90°+^), b sin (90 u +(i)) 
or (—a sin 4> r b cos <f>). J 

Also if P' be the other end of the diameter through P • 
then P' is { a cos (180°+^), b sin (1S0«+^) } or (-a cos A, 
—b sin <f>). 

Exercises VIII (E) 

1. Tlic sum of the squares of two conjugate 
diameters is constant and equal to a 2 +b 2 . 


semi- 
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2 Show that the tangent at either end of a diameter of 

an ellipse is parallel to the system of chords bisected by it. 

3 . Tangents at the ends P, P', D, D' of the conjugate 
diameters of an ellipse 

form a | gra. RT. Semi- 
conjugate diameters CP, 

CD, form a || gm. CT with 
the tangents at P and D. 

Prove that the area of the 
|| gm. RT is constant and 
four times that of the 
!'gm. CT. 

[Hint. Area of || gm. 

CT=CDxCF where CF 
is the length of the 





x- 


from C on the tangent at P to the ellipse — 7 - + 

tv 


V 


2 


I]* 


4 . P and D are the ends of two semi* conjugate diameters 

2 2 

y — 1 . Prove that the locus of the 


of the ellipse 




+ 


a a ’ b 2 

point of intersection of tangents at P and D is the ellipse 


x 


2 


a 


2 


+ ML =2 

[Put down tangents at P and D and eliminate p] 


We shall conclude this chapter with a few solved 
examples. 

Example 1* Ellipses &vt drawn on the same major axis . 
Prove that the locus of the two ends of the latera recta which are on 
the same side of the major axis is a parabola . 

Let e be the eccentricity of an ellipse drawn on the major 
axis of fixed length 2a. Then the equation of the ellipse 
referred to its axis as axes of co-ordinates is 

,2 


*> 

x l 


+ 


y 


i 


a* a 2 (l— e! 1 ) 

For the upper end of the latera recta, 
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z~±ae, y= a {\~e 2 )-, ["Ji = ja\l~e 2 ) 

L« 2 a =«(l-e 2 ), 

or x 2 =a 2 e 2 , ay= a z —a 2 e 2 . 

Eliminating e between these two equations, 

a D~~ a x or a 2 =(a— y) which is a parabola. 

^ I 7 * e 2. Find the equation of the locus of the mid points 

ofjhe portions of tangents intercepted by the axes of the ellipse 

=L -( 1 ) 


r 

i 


Let P (a cos <f> f b sin <f>) be any point on the ellipse. 

'•Pllf. nf. P X / f y ■ / 1 


...( 2 ) 


Tangent at P is cos <h -{- sin <b~ 1 

a 1 b 

ubere it meets the a'- ax is x — a sec </>y~ 0, 
where it meets the //.axis y~b cosec <f>> 

Hence for the mid-point of the portion intercepted between 
the axes 


x 


a . b 

o sec </), y= >- cosec <j> 


~( 3 ) 


To obtain the locus of this point, we have to eliminate 
r between these equations which give 

2 cos <f> — — 2 sin <i— ^ 

x T 


y 


Squaring and adding, we get 


b 2 


=4 as the required locus. 


ellipse. 


a* 

& y 

Example 3* l'indthe locus of poles of normal chords of an 


Whatever l <p' 


ax 

cos (f 


is a normal to the ellipse 


x 2 


a 


by 

sin <f> 

. ir 

+ b r 


~a 2 — b 2 


..( 1 ) 


= 1 . 


If 1 x i > di) be the pole of (i), (1) must be the same as 


xxj i mix 
a- r 6- 


1. 


...( 2 ) 
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Comparing co-efficients, we get 
x A cos 6 Vi Bi n 

" = “ ~b 2 * b 


1 


a 


o 

a- 


b*- 


...(3) 


As 6 changes, the normal changes its position and the co- 
ordinates (r„ ?/l ) of the pole change. We must then eliminate 

d> between equations (3). From (3) 

b z 


cos ^ = x l (a 2 — b 2 ) and Sin ^ ' »/i(a 2 -6 2 ) • 


Squaring and adding we have 


a 


Xi 


+ 


so that (av y t ) lies on 


o G N 


y?) 

(a 2 

a 6 

, 6° 

on— 9 

+ « 

X 2 

y- 


1 


6 2 ) 2 


= 1 


2\2 


(a 2 — b 2 ) 


Revision Questions No. IV 

* 

1. Find the equation of the ellipse 

(i) whose sum of axes —20, difference of axes=4 

( U ) whose major axis= 12 : minor axis=distance between 
the foci. 


(in) whose latus rectum 


1 f • •+ , */ 3 
- ; eccentricity— b> 


2. (a) Find the equation of the ellipse - 

(i) whose focus is the origin, directrix the straight line 
x cos a+y sin «=p and eccentricity e. 

(ii) whose focus is the point ( 1, 1), di roc ti i x the 

straight line x-y+ 3=0 and eccentricity [P . U. 1913} 

(b) Find the equation of the major axis and centre ot 
ellipse in (it). 

3. Find the eccentricity, foci, directrices, length and 
equations of the latera recta of the following ellipses : 

(i) z 2 +9y 2 =81. (»») 16a; 2 -by 2 =25. 


(in) 


x 


_ + X_ == i 

9 + 16 


LP-U. ] 
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* 2 ..j, y 2 

a 2 


(«e,0)and( P -«rS 8 S thatthe T ,m ° f its dista ^es from 
' 1 0) 18 2 « ! P rove that the locus is the ellipse 

o«(l- c *f =1 [P.U.19U] 

•« .in >i- ,i„ "Ji ’ ft r * 

w 2 2 * 

on two fixefp^rfenlhcuitf stL^h? IhTs’oT and ObThJ”* 

«i5.™oMoB pointConAB is an eiiipse ^ se r 


6 


and r ^ olutlon T Take thc ] *nes OA, OB for axes and let AC 
I LB— a. Let the co-ordinates of C be (x, y), 

From similarity of triangles 

x 
a 



- and f = 0B . 
AB b AB 


Squaring and adding we have 


r2 + V ' OA 2 + OB 2 AB 

a- h- ~~~ 


AB 2 


.AB 2 


= 1 ]. 


!• The base of a triangle is ftp Qnm r .i * . 

• i * a/ , “c^ me sum or the retnainino* 

is an ellipse S10 " ^ locU8 of the vertex of the triangle 

as ori?b! Ut mi Tak ? th ? b f SC as T ; axis an(1 middle point 
' rt , If the vertex be (x, ?/), the co-ordinates of the ends 
of the base are (- a , 0) and (a, 0). 


Y the sum of the two sides is 2 b, we have 
V ( x +(/)-+ y - -f y (x—a)- -ry-= 2 b . 


This on simplification gives us X ~ 4~-K — i 

a 2 /y 2 “ 


which 


is an 


ellipse. 

S - tii® equations of the tangents and normals to the 

ellipse x y-jlr—l at the ends of the latera recta. 
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9. Find the equations of the tangents to the ellipse 
x 2 j9-\-y 2 jlQ =^l at the points in which it is cut by the line 

y — 2=0. 

10. Prove that the equation of a tangent to the ellipse 
x 2 j a 2 _^y 2 jj ) 2 = i can b e written as 

x cos a+y sin a = *J a 2 cos 2 a + i 2 sin 2 «• 

Hence find the locus of the point of intersection of per- 
pendicular tangents. 

11. If 0 be the angle between the tangents drawn from the 
point (x ls 2 /i) to the ellipse x 2 ja 2 -\-y 2 /b 2 =l then 

tan u ‘y * + b ~ x * ~ a ' h ' 1 

x i + y z _ a 2 -b 2 ’ 

Hence deduce the equation of the Director Circle. 


12, Find a point on the ellipse 


X** 

a- 


V 


i'- 


ll 


(i) at which the tangent makes equal angles with the 

axes. (P. CJ .) 

( ii ) at which a tangent and a normal be drawn in order 
that they form, with x axis as base an isosceles triangle. 

13. Shov r that the locus of the middle points of the portion 

2 „,2 


of the tangepts to 


x 


a 


y 

b 2 


1 intercepted between the axes 


a 2 b 2 

of co-ordinates is the curve * + 

x* 


y 


2 


4. 


14. Find the co-ordinates of the point of intersection of 
normals drawn to the ellipse x 2 ja 2 + y 2 b 2 = 1 at points whose 
eccentric angles are 0! and <i 2 . 

15. The normal at an}^ point P^, y x ) meets the major axis 
in G , show that A6.A'G=a 2 — e 4 ^ 2 where A and A' are the 
vertices of the ellipse. 

[Hint. G is the point (e 2 x lt 0), A is {a, 0) and B' ( — a , 0)] 

16. If the normal at any point P of ellipse x 2 ja 2 -\-9/ 2 jb 2 =^l 
meet the major and minor axex in G and g and if CF be the 
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perpendicular from the centre on the normal at P, then show 
that 

(i) PF.PG=6 2 




a 


1 


i . 


lind the locus of the point of intersection of tangent 

-1 drawn at points the sura of whose 


9 9 

■ r 


to the ellipse -fJ 

a 2 ’ h 2 

eccentric angles is constant ( — 2a ). 

Let the eccentric angles of the points be a — Q and 

a4-A] 


i ] * 






y 


o 


Any ordinate NP of the ellipse"., + =1 

a- b i 


meets 


the auxiliary circle in Q. Prove that 

(?) tangents at P and Q intersect on the major axis, 

Hi) normals at P and Q intersect on the circle x* + xi 

= (« + fc) 2 . 

[Hint, If the point P be (a cos 0, b sin 0), the point Q 
is (a cos 0, a sin 0). Solve simultaneously the equations of 


the tangents at P and Q to the ellipse and the circle respec- 



><2 


it ” W" 

19. If fx+gy-{-h=0 is the tangent to the ellipse 0 +^ = 1 

at the point; whose normal passes through the point (aq, y x ) y 
show that { f i 2 -b 2 )f>y — x ] gh-~y i h i =-- 0. (P.C7.) 

[Solution. Let fx-^gy-^h — 0 be a tangent at the point 

k p)- 

n y n R 

- 1=0 


Then (1) is identical with ‘ X °l 

a- b 


a 

a-t 


p 

lr<J 


1 

h 


or a — — 


«*/ 

h 


B = 


A 


• /— tf 2 / -/; 2 7 
the point of contact is 1 ^ 

v + 1M 


Normal at this point is 


«7 

h 


«.f 

a 2 h 


b-g 

frit 


or xhg — g'nf + (<r — Ir) fg = 0. 

•/ 1'liis j>asses through (x u >h) wo have 
^'ibg— >/ ih f-\- (a 2 - ir)fg-0} 
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20. Tangent at any point P of an ellipse meets the axes 
in Q and R. The rectangle CQTR is completed. Show that 


a 


the locus of T is 

x‘ 


b 2 

y 


l. 


[Hint. As in Q. 13 the points Q and Ii are ^ .. 0 

/ b \ 

anrl ( Q t — — - j and the middle point S 
V sm 6/ 

_ b • 

2 cos Q * sin 0 


a 

COS <!>' 

of QR 


) 


is 


( 


a 


Since S is the middle point of CT 


T is 


(- 


a 


b 



V cos 6 9 sin 0 

21. Show that the lipes 2x — y = 0 and x-\-Zy — 0 are conju- 
gate diameters of the ellipse 2.r 2 -f-3y 2 =4. 

22. Find a common tangent to the ellipses 


(0 - 


X 2 , y 2 

b 2 


1 and 


x 2 


a 




y 


a 2j rb 2 


1, 


a 2 + b 2 


X 2 V 2 

1 and *V = 1. 


fe 2 


a 


‘ (i) Tangent to the first ellipse is 

y=mx+* s / (a 2 -\-b 2 )m?-r b 2 * Find the value of m so that it may 
be tangent to the second.] 

23. Show that the locus of the poles of tangents to the 


ellipse 


a; 2 y 2 

+ V 2 ' 


a 2 


1 iv.r.t. the circle o; 2 -f-y 2 — a 2 is the ellipse 


a 2 x 2 4- b 2 y 2 


a 


[Solution. Let the pole be (x u y x ) Then its polar w. r, t. 


x 2 +y 2 =^a 2 is xx x -\~yy x ~a 2 . 


x 


If this is a tangent to — + 

a 1 


r 

h 2 




we have a 2 x x 2 4 b 2 y x 2 = a 2 , 

locus of y x ) is a 2 x 2 -f b 2 y 2 = a 4 ] . 

24 # Prove that the locus of a point which moves so that 
the perpendicular distance of the centre from its polar tv, r, L 

/ y .2 a /2 

the ellipse — o = 

a 2 tr 


1 is constant and * equal to e 


is 


x 


y 


CHAPTER IX 

GRAPHIC SOLUTION OF QUADRATIC EQUATIONS 


9 1. Graph of an equation. It lias been shown how a 
specified locus or curve may be represented by an equation * 
the converse problem is to represent a given equation by its 
graph. 

If we know that the locus of a given equation is a straight 
line, its graph can easily be drawn ; it is only necessary to find 
any two points on it, plot them and draw a straight line 
through them. Likewise, if we know that the locus is a circle 
and can find its centre and radius, the graph can be drawn 
with the help of a pair of compasses. 

When the form of the curve is not known, the most 
straightforward way of obtaining its graph is to calculate the 
co-ordinates of a number of points, plot the points and draw 
the curve through them. The main thing to observe is that, 
the point must be close enough together to enable us to be sure 
that we have found the general trend of the curve. 

9*11. Rule to draw the graph of a given equation . 

First step. Solve the given equation for one of the vari- 
ables in terms of the other. Always choose the simplest solution. 

Second step . By the formula find the values of the 
variable for which the equation lias been solved by assigning 
real values to the other variable. 

Third step. Choose a suitable scale of length and plot the 
points whose co-ordinates have been obtained above. 

Fourth step. Draw a continuous curve through the points. 

Xotes.— 1. The above method of drawing a graph is from 
its nature an approximate method. But, more the number 

of points plotted and nearer they are to each other, the more 

accurate is the graph of the curve. 
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2. In practice the unit of length should be determined by 
the size of the graph paper compared with the greatest length 
to be laid off upon it. 

Example 1 . Draw the graph of the curve # 2 +y 2 — 6#+5=CL 

Read the points of its intersection with the x*axi$. 

\ 

First Method 

First step. Solving for y, 


y=±V 6 x—5—x 2 . 

Second step . By assigning to x values differing by unity 

and finding the corresponding values of y, we obtain the table 
of values given below : 


1 x 

y 

X 

I y 

0 

Imag. 



1 1 

0 

-i 

Imag.j 

i 

1 2 

-fcl*7 

i—2 

| 1 

Imag. 

1 3 

± *2 

etc.; 

1 

I 

1 

etc. | 

1 4 

± 1*7 1 



5 

0 



6 

etc. 

Imag. 

etc. 





square. 



Third step. Plot the points (1, 0), (2, l*7) f (2, 

etc, etc. 


1-7) 


Fourth step. Draw a continuous curve 

points. This gives the required graph as 
figure. 


through these 
shown in the 


Second Method 

„ f T ^ e ®^ u ^ tl0n _ a;2 +.¥ 2 — 6^+5 = 0 represents a circle whose 
•fwu- S ^ 3 * 0) and whose radius is 2. Plot the point (3 0) 

r Q uare r2 S v? n «?/ nd radius T six times the side of small 
square (2x3-6) draw a circle. This gives the required 
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This circle meets the x-axis in the points A and B where 
0 A = 3. 3 = 1 , and OB = 4 - 15 = 5 . The points of intersection 

with the a;-axis are (l t 0). (o, 0). 

This can be verified by solving the equation of the circle 
simultaneously with j/=0, the equation of the z-axis. 

9 12 Graphic Solution cf Equations. Graphs of curves 
are often useful for obtaining approximations to the roots of 
the equations. The following examples illustrate the method. 

Example 2. Find graphically the roots of the equation 
o v = _l 4 X - 3 = 0 correct to first figure after the decimal point , 

\^P * IQ 42 J 

r * 

Tim mots of the given equation arc the abscissae of the 
poi „,?of ™'r«e„pn'of tl.e ‘circle 2(*»+^) + 4 «- 3 - 0 , rvith 

y=A) i.e., x-axis. 

The equation of the circle can be written as 
- x 2 -f*/ 2 +2x- 1=0 

\ its centre is ( — 1) 0) and 1 a dins \f a v 4 

= x 3*2 — 1*6. 

x x 1 .. r* One unit = 5 times the 

side of a small square. 


With 0 ns 

i centre 

and 

radius equal to 

S times t 

he side 

of a 

, sm 

all 

square 

(10 x 5 -- 

8), drav 

1 

/ a c 

i re It 



If th 

is circle 

meets 

the 

x-axis 

in the 

points 

A a 

nd 

B. 

Then 

1 1 | 

OA and t 

X 

)B are 

the 

ro 

ots 

ol tne 

given eqi 

uit ion. 





OA= 

1 0 

_ 4. 0 — 

i * 




OM: 

=u- 1 


O 

■6 


• 

* « 

the roo 

ts at* 

e *6 

and — 2*6, 



i 


£-~zzzzzzzzz% 


CHAPTER X 

THE HYPERBOLA 

10; Def. A hyperbola is the locus of a point which 
moves in such a way that its distance from a fixed point bears a 
constant ratio \more than one) to its distance from a fixed 

II ^ I l/ 

straight line. 

^ ■ -«r 

The fixed point is called focus, the fixed straight line the 

directrix and the constant ratio is called the eccentricity. The 
latter is denoted by e. 

10 1. Equation of a hyperbola in simplified form . 

Let S be the focus and ZM the directrix. Draw SZ per- 
pendicular to the directrix and divide it internally and exter- 
nally at A and A in the ratio e : 1 so that A and A' are points 
on the locus. - 

Let C be the middle point of AA' and let A'A = 2n. 





Then we have A'S=-eA'Z ( i ) AS=eZA (ii) 

Adding ( i ) and (ii) 

A'S AS =e( A'Z -f-ZA) = eA'A. 


2CS=2ae. 

Subtracting (ii) from (i) we get 

A'S— AS=e(A'Z - ZA) 

AA'= e [A'C+CZ— (CA - CZ)] 

.*. cz= 


CS=ae. 


or 2a~2e. CZ. 
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Take C as origin and the x-axis along CZ and let ( x , y) 
be the co-ordinates of any point P on the locus, NP the ordi- 
nates of P and PM the perpendicular to the directrix. 

Then SP 2 =e 2 PM 2 =e 2 NZ 2 . 

SN 2 + NP 2 = e 2 (CN — CZ) 2 


• ♦ 


or 


(a; — ae) 2 +y 2 = e 2 


( 


x 


v 2 

A =(ea;— a) 


a \ 2 

e 


or x 2 (e 2 - 1) — y 2 =a 2 (e 2 — 1) 

and dividing by a 2 (e 2 — 1) this gives 

V 2 __ 
a 2 (e 2 — 1) 


x 


a 2 


1 


-.(1) 


Since e is greater than unity a 2 (e 2 — 1) is a positive number 
and, if we take 6 2 for a 2 (e 2 — 1) the equation becomes 

...( 2 ) 


x _ y: =1 

a 2 b 2 

and this is the standard form of equation of a hyperbola. 

„,2 ..2 


X' 

10 * 11 . Putting y = 0 in the equation — 


V 
b 2 


1, we get 


x=±a 


so that the z-axis meets the hyperbola in points A (a, 0) and 
A'( — a, 0). 

The points A, A' are called the vertices and AA' the 
(fgnsverse axis of the lij perbola. 

Now putting x=0 y 

in the same equation, ■ — 1 

we get y 2 = — b 2 

y-axis meets the 
hyperbola in imaginary 
points. If however, we 
take on the y-axis two 

* "W'l # 1 1 1 . 


potrB^ Tid^uch that bB-CB'=6, then BB' is called the 

conjugate axis. 

C is called the centre of hyperbola. 

Lotus Rectum. The chord of the hyperbola passing through 
lhe fcSlT. nd to AA' is called a Lotus rectum. 
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Rectangular Hyperbola. When a=b, the hyperbola is 
called a rectangular hyperbola. The equation of a rectangu- 
lar hyperbola, thus, is x 2 — y 2 ~a 2 

1012* Shape of a hyperbola. 

As we have already seen the a;- axis meets the hyperbola 
in two points A (a, 0) and A'(— u , 0). The y-axis does not meet 
the curve in the real points. 


Now writing the equation of the curve in the form 

y = dL — V ®*-® 2 ( i ) 


a 


we find that for values of x lying between — a and a, y is 
imaginary. Thus no part of the curve lies between the lines 

X — : 


For values of not lying between —a and a, there are 
two equal and opposite values of x . the curve is symmetrical 
about the x-axis , 


Again writing the equation in the form d= - ~ V & 2 +y*, 


it is clear that for every value of y , there are two equal and 
opposite values of x, A the curve is symmetrical about the y-axis . 


ft is also clear from 
equation (i) that y in- 
creases with x and there 
is no limit to this in-* 
crease. The shape of 
the curve, therefore, is 
as shown. 


* 



!M 


10*13* A hyperbola has two foci and two directrices. 

On the line CA', 

take the points Z' and M 

S' such that CZ'=CZ 
~aje and CS'=CS , 

Through Z' draw 

Ti m ■—» • ™ _ 


\ ^ 
\A 


1 

1 

1 

2 | 


S') t 

' c 

F 

A 

i s 
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cal about the y- axis, S' will be the second focus and Z'M' t he 
second directrix. 


x 

a 


,2 


2 


The co-ordinates of the two foci of the hyperbola- 
= 1 are (ae, 0) and ( — ae , 0) and the equations of the 


y 


6* 


corresponding directrices are x 

10 * 14 . To find the 

length of the latus rectum 
of the hyperbola. 


a 


and x 


a 


e 


x 2 


a 2 


O 

?r 


,, = 1 . 

b l 

Let LSL' 



y 



i 


5 \ 

/ 

/ 

s 

k 

& A \ 

* 

i ^ 

X 


be the 


i 

i 


u 


latus rectum. The co-ordinates of the point L are (CS, SL) 
i.e. {ae, SL), 

Since it lies on the hyperbola, we have 

are 

a- b- 

S'L 2 


*»* . S'L 2 


1 


6 2 


= 1 


or S'L 2 =6 2 (?— e 2 ) = ^ 2 X 


b 2 


a 


i 4 


a 


*S'L= 


b 2 


a 


2h 2 


Hence the length of the latus rectum is — — . 

Exercises X (A) 

Find the equation to the hyperbola, referred to its axes as 
axes of co-ordinates . 

1. Whose conjugate axis is 7 and which passes through 

the point (3? 2). . i 

2. The distance between whose foci is 8 an w 

eccentricity is \/2. 
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3 Whose conjugate axis is 2 and the distance between 
whose foci is 2.^/5. 

4 . In the hyperbola 4 a ; 2 — 9 y 2 = 36, find the axes, the co- 
ordinates of the foci, the eccentricity and the latus rectum. 

5. Find the eccentricity and the. co-ordinates of the foci 
of the hyperbola 

3a; 2 — -y 2 =4. 

6 . Trace the hyperbola 4y 2 — 25a; 2 =100. Find the co- 
ordinates of foci, the equations of the directrices, the eccentri- 
city and the latus-rectum. 

10*2* Equation of the tangent at a point. To find the 

equation of the tangent at the point P (x u yi) .oi the hyper- 
bola. 


Let Q (% y<d t> e another point on the hyperbola. 

The equation of the line passing through P (x lt y x ) and 
Q (x 2 , y 2 ) is 



y- 

Vi 

_J/l“ 

y- 


X — 

x t 

x i- 

-X2 

Since P 

and 

Q lie on the hyperbola 

- 

X 2 


Vx _ 

t 

1 


a? 


b~ 


and 

/v 2 

w 


y* _ 

1 

a 2 


b 2 

• 

Xj 

2 , 

y 2 

^2 

Vx-y*- a 

* # 


a 2 


b 2 

4 

AT 1 

Vi~ 

~!k 

_ b 2 

X l + X 2 

UI 


~ X 2 

a 2 

yi~\~yz 

Substituting 

this value 

0 f y\~-y* 

d PQ is 




X} ~x% 


y~~ 

Vi_ 

6 2 

*l +*2 


X — 

x x 

a 2 

Vi+Vz 


...( 1 ) 


( 2 \ 
*• V* - / 

r 


in (1), equation of the 


Now the limiting position of this 
P is the tangent at P. 


... ( 4 ) 

chord when Q tends to 
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Putting x z ^=x lt y 2 =y lt in (4), the equation of tangent 
at (Xj, Vi) is 

y-Jh — x i 

x— x x a 2 ' y-i 


or 

■ h (y- 

b 2 KJ 

2/i) — 

X 1 / \ 
-jr <*-*■) 

or 

yy i 

V\ - 

araq aq 2 

6 2 

b 2 

a 2 a 2 



Wx _ 

Xj 2 Vi 

or 

a 2 

b 2 

a 2 




=i 

* 

rraq 

yy i 

=i 

♦ * 

a 2 

6- ‘ 


is the required tangent. 

10'21. Equation of the normal To find the equation of the 

y 2 

normal at the point P (aq, y^) of the hyperbola ~ 2 - =1* 

The slope of the tangent 


ox 


1 


a~ 


W\ 

b 2 


1 


at the point 


, x . b 2x j 

( 3 1 , If \r ^ 2 

\ II Jlf 


the slope of the normal at faq, y x ) is 


a_ 2 v- 

b 2 x 1 


Hence the required equation of the normal is 


y—y i 


or 


= a r y ' (x — Xi). 

b~x x 

x—xi _ y—y i 

" - Vi 


* T i 

a 2 lr 


which can also be written as 

, b 2 y 


a 2 x 

X\ 


=a 2 -4-6 2 . 


V i 
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% 


10*22. Intersection of a line and a hyperbola. To find 
the points of intersection of the line y—mx-\-c with the 
hyperbola. ; 

X 2 ^ yl 

a 2 b 2 


The equation of hyperbola is 




and that of the line is 

y=mx+c ' ... (2) 

Solving (1) and (2) simultaneously, we have 

x 2 (mx+c ) 2 


or ft 2 # 2 — a 2 (m 2 x 2 ~r 2m cx + c 2 ) = a?b 2 
or x 2 (a 2 m 2 — b 2 ) + 2 a 2 cmx— a 2 (c 2 -j- 6 2 ) =0 

which is a quadratic in x and gives two values of x . 

Substituting these values of x in (2), we get the corres- 
ponding values of y . 


Note . As must be clear by now, most of the results for 


the hyperbola 


Y • 

ry = 1 are obtained by methods exactly 


similar to those employed in case of the ellipse = 1. 

2 l b 2 

We will, therefore, leave the proofs of the following articles 
as exercises to the students. 


10*23- Length of the intercept. Find the length of the in- 

*2 2 

tercept made by the hyperbola = ], on the line 

a 1 b * 

y=mx~j~c and deduce the condition that the line mav touch the 
hyperbola. 

11*24. Conditon of Tangency. To find the condition that 

2 2 

the line y=mx+c mav touch the hyperbola — - — JL — \ 

a 2 

Cor. Show that y—mx^-/^a 2 m 2 — b 2 is a angent to 
the hyperbola for all values of m. 
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Exercises X (B) 


1 , Find the equations to the tangents 4x 2 — 3 !/ 2 — 24 
and normals to the hyperbola at points where it meets . the 
line y=2 

2. (a) Find the points common to the hyperbola 
2x 2 — 3y 2 = 20 and the line x = 2 y. 

(k) Find the length of the straight line intercepted by 
the hyperbola. 

Find the equations of the tangents to the hyperbola 
4 x . 2 _ 3 y 2=5 which are parallel to the line ?/= 3x+7. 

4. Find the tangents to the hyperbola 4x 2 — 3y 2 --l which 
are perpendicular to the line 3x — Ay-\-o=Q. 

5. Show that the line x cos a+y sin a=p will touch the 


.T 2 

hyperbola 2 


o 

r 

b 2 


I if a 2 cos 2 a — b 2 sin 2 a~p 2 


6. Show that the line lx~^fny 


n 


will touch the hyper- 


bola 


x 


a 


~ — = 1 if a 2 / 2 — b 2 m 2 — n 2 . 

6 2 


1(1 3. Position of a point relative to the hyperbola. To 

show that a point (Xj, y x ) will be outside, on or inside the hyper- 

V 

y t 


bola a 2 " b 2 


1 accord- 


ing as 




, 2 

1 


a 


2 12 ^ A > 



= 1 or >1. 

From the given point P‘ 

( x i, ?/i) draw PL _L on 
a'-axis meeting the hyperbola in Q (#i, 2 / 2 )* 

Now Q (x l5 y 3 ) lies on the hyperbola 
a 2 b 2 


o 


i/2 : 


a 


2 


1 


or 2/i 2 =^ 2 ( 


2 


a 2 


1 ) 


P(X| Y.) 
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Now P will, lie outside the hyperbola if 2P is 


greater than 2Q i.e., 

2P 2 > 2Q 2 

or 

or 

-i ~ *l-+i>o 

or 

-V-C-KO. 

a z o 

P will lie on the hyperbola if 


2P 2 =2Q2 

or 


or 

J S - % + »-« 

or 

x t _ ** _i_o 

a 2 b 2 

and P will lie inside if 


2P 2 <2Q2 

or 


or 

£"3+‘«>. 

or 

\ 

V 1>0 

y% _ x i , 

b 2 a 2 

C? - 1 ) 

Now P. 

* * 


2P>2Q 


yi*>t> 2 (—Z -1 ) 

* \ a / 


numerically 
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yi 

b 2 


X‘ 

d 


4l>0. 


1031. Tangents from a point. To prove that from any 
point two tangents can be drawn to a hyperbola, and that 
they are real, coincident, or imaginary according as the point 
is outside, on or inside the hyperbola. 

[Hint. Proceed as in the case of the corresponding 
■article on ellipse.] 

Example !. Find the locus of the point of intersection of 


perpendicular tangents to the hyperbola 


x 

a 


T 

fc 2 


i. 


The line y—mx-\-^/ahn % -b 2 •*•(!) 

is a tangent to the hyperbola for all values of m. Hence the 
equation of the perpendicular tangent is 

*2 


y 


V 


b 2 


nv 


or in y-\-x = *Ja i — b 2 m 2 ...(2) 

'it* obtain the equation of the locus of their point of 
intersection, we have to eliminate in between (1) and (2). 

Squaring and adding we get 

y-j^rnP-x- - 2 mxy=a 2 m 2 — b 2 
mhj 2 + x 2 + 2m xy =a 2 —b 2 m 2 

( 1 +m 2 )(x 2 +y 2 ) = (l+m 2 )(a 2 —b 2 ) 

x 2 +y 2 —(i 2 — b 2 . 

is the equation of the required locus which is evidently a circle 
having its centre as the origin. 

This is called the Director circle. 

Fxamnle 2 The locus of the feet of the perpendiculars from 
.,he fo*™ any tangent is the auxiliary circle. 

The equation of any tangent is 

y=mx+Ja 2 m 2 — b 2 . ...(1) 

This line through (ae, 0) perpendicular to (1) is 

-1 

y — 0— (x —ae). 


.. ( 2 ) 


til 



HYPERBOLA 


189 


To obtain the locus we eliminate m between the two 
equations. 

y 2 + m 2 x 2 — 2mxy = a 2 m 2 — b 2 
m 2 y 2 + x? -j- 2mxy = a 2 e 2 

=a 2 +6 2 

Adding the two equations we get # 8 +j/ 2 =a 2 as the locus 
required which is obviously a circle. 

This circle is called auxiliary circle. 

3. Find the equations of the tangents to the hyperbola 
3x 2 — 4y 2 =12 } from the point (2, 3). 


Geometrical Properties 


10 * 4 . Show that the difference of the focal distances of any 
point on the hyperbola is constant and equal to the transverse 
axis . 


Let P (x l3 y x ) be 
any point on the hy- 
perbola with S and S' 
as its foci. 

Join SP and S'P 
Draw PNN' _L to 
the directrices meeting 
the same in M and M'. 



Draw PM JL on the a:- axis. 

Now SP=e. PN=e.MX=e(CM-CX) 



SP'=e.PN'— e.MX' =e(CM+ CX') 


=e (#i+- -)=e#i+« 

/. S'P—SP—ea^+a— (ex x ^a)=2a * 

10 * 41 . \Locus of the middle points of a system of parallel 
chords of a hyperbola. 

The equation of the chord joining the points (x x , y 1 ) 9 
( x 2 > yfi on the hyperbola is 
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y-y 1 

X — X 


6 * 
2 


.Tj-fx, 


1 O* 2/1 4-2/2 


(by Art. 7) 


/. the slope of the chords 

b 2 


m = 


a 


Xj ”|~ x, 

y i+Vz 


w x U i l OZ ' 

If (/)., 7c) be the middle point of the chord, then 

x *i+*t *_ ?o + y« 

ft= > K— 2 

fc 2 2/i 
m = a 2 ' Tk 


• * 


* • 


or /: -= — 2 2 — A 

crm 

# 

the required locus is the equation 

b 2 


y= 


d~m 


x 


i ( i f [/ 

which is a straight line passing through the centre. This is 
called a Diameter. 

h 2 , , 

— — x be written as y—m x . 


If 


a 2 m 


then ?n' 


fe 2 

a 2 wi- 
fe 2 


or mm 


a 


2 


o 

,r“ 


Example 

ir 

* > 

O 


Find the equation of . the chord of the hyperbola 

_ y\ = j which is bisected at the point (2, 3). 

• > 

If the slope of the chord be m its equation is 

y— 3--= m (x— 2) 

IP- h _ 3 2 

but 


m = 


i 


a** A* 4 ^ 

or the equation is x— 2//+4=0. 

Exercises X (C) 

, The S 

STK" r on t.he ax„. Prove the, 

tne ieei u CN 0T=a s and 

CN. Ct=-b- 


HYPERBOLA 


191 


2. Prove that the tangent and the normal at any point 
of a hyperbola bisect respectively the internal and the exter- 
nal angle between the focal distances of the point. 

3. The normal at any point P of a hyperbola meets the 
transverse axis in G and conjugate axis in g. F is the foot of 
the perpendicular from the centre C on the normal. Prove that 


PF. PG=6 2 
PF. P g=a 2 

10*5* Chord of Contact. As was proved in case of the 
parabola and ellipse, it can be shown that the equation of the 
-chord of contact of tangents from P yi) to the hyperbola 



* 10*51. Pole and Polar. The polar of a point wjd. a 

hyperbola is defined exactly as in the case of a parabola or an 

ellipse. The student can easily show that the polar of Fix, v,) 
w. r. t. the hyperbola u J 

x 2 „ y 2 i . 

G 2 1S 


X X 

a 2 


yy i 

b 2 


1. 


P is called the pole of the polar. 

Example 1. Show that the polar of either focus of the hyper- 
bola is the corresponding directrix . 

Let the equation of the hyperbola be * 


x 

a 


y 

*b 


1 


* 4 


the polar of the focus ( — ae, 0) u\ r. t. the hvperbola is 
A — at) , —a . 


a 


1 or x~ 


££> ^ ec * uatl0n the directrix corresponding to the 
hypefbd? Ph 2 ' F{nd ^ POk ° j the Une 2 *~Zy=6 w r.L the 


X 
Q 


V 


i. 
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Let (xj, yj be the pole of the line 2x— 3y— 6=0. 
The polar of lx lt y t ) is 


xx 


yy i 


— 1. 


* • 


9 3 

The two equations represent the same straight line. 
Comparing co-efficients we have, 

= j/i _ 1 

12 


x 


18 


6 ' 


X!=3 and y x --- 

Hence the pole is the point (3, 2). 

10 * 52 - The following properties of pole and polar follow 

at once ^ polar of P passes through Q the polar of Q pass- 
es through P- 

P and Q are called Conjugate points. 


(ii) The pole of lx+my+n=0 is ( 


-aH 


n 


bhn 

n 


) 


(iii) If the pole of h lies on I 2 then the pole of 1 lies 

and h are called Conjugate lines. 

Exercises X (D) 

1 Find the polar of „ 

(*) the point (2. 3) w.r.t. the hyperbola ~x‘-y -L_ 

Iii) the point (-3, 4) w.r.t the hyperbola 3x -4i/ -5. 

o find the pole of the line 

7-s r , 2, f -3=0 w.r.t the hyperbola 

2x~ — 3?/ 2 = 1 • 

/ {i) 3 r _ 4 (/ + 5=0 w.r.t. the hyperbola 
3. Find the condition that two points (x x , 2 / 0 , (*■;> Vi) are 

A o 


conjugate w.r.t. the hyperbola 


Ct 


o 
?/" 


1. 


4 . Show that the lines lx-my=l and Vx \ m'y 1 are 

^ “ t — 2 J f / 7^2.vvj m' 1 . 


, i i = l if aHl 1 — b 2 mm =L 

conjugate w.r.t. the hyperbola ^ -- 


b* 
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10.6. Parametric Representation. Find the parametric 


X * 

equations of the hyperbola 2 


y* 

b 2 


1. 


Let P ( x , y ) be any 
point on the hyperbola 


x 

a 


z 


r 

6 2 


1 




From N, the foot of 
its ordinate, draw NR, the 
tangent to the auxiliary 
■circle. 



Let ^NCR— 0 

Then CN— CR sec 0 [v sec0==-^j^-J 

OR 


—a sec 0 

Now substituting this value of x in (1), we have 

a 2 sec 2 9 y l 
a 2 b 2 

y 2 

or p-^sec 2 0— l = tan 2 0 


y=b tan 0 

Thus x=a sec 0, y=b tan 0 are the parametric equations of 
the hyperbola. 

a 2 b 2 9 


9 being the parameter, 

*- 

. Show L that the equation of the tangent at a 

point 0 is 


x „ y 

— sec 0 — -f-tan 0=1. 

Ot 0 b 

C°r. 2. Show that the equation of the normal at the 
same point is 

4 . by , 

sec Q tan Q * 
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10 * 61 . Asymptotes. An asymptote is a straight line 
which meets a curve in two points at infinity but which is not 
altogether at infinity. 

We have seen that the tangent at ( a sec 0, b tan 0) to the 
hyperbola is 

— sec Q-- y r tan 0=1. 
a b 


This can be written as 

— y [sin 0 = cos 0. 
a 6 


If we put 




the equation of the tangent becomes 



This is a line passing through the origin and is a limiting 
position of the tangent to the curve as the -point of contact 
moves to an indefinite distance along either of the branches. 

_ 3tt 

Similarly if we put 0= 

^ / 1 

the equation of the tangent becomes 



which is also a line through the origin and the limiting position 

of the tangent to the curve as the point of contact moves to 

an infinite'distance along either of the branches. The lines 

C * ^ 

* _V _ 0 and — =0 or in one equation ~ r ~ -W=0 

a b a h a u 

are called the asymptotes of the hyperbola. 

They are tangents that pass through the centre, their 
points of contact being at an intinite distance. 

10 62. Conjugate Hyperbola. Hyperbolas are said to be 
conjugate if the transverse axis of one becomes conjugate axis 

of the other. 
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Thus the hyperbola 


x 2 . y 2 

a 2 ^ b 2 


-=1 is 


conjugate to the hj T perbola ^ 


x 

a 


y 

b 2 


10 * 63 . Some properties of conjugate hyperbola 



A' A, B'B are the transverse and conjugate axes of the 
x 2 y 2 

a 2 b 2 = 


hyperbola 


L 


V 

Now the hyperbola — + - 


a 


6 2 


1 meets the axis of y in 


real points £=0, y~ ±b. 


So that BB', A'A are transverse and conjugate axes of the 


hyperbola — — + ^ 


a 


b 2 


1. 


Both curves have the same asymptotes namely the lines 


X‘ 

w 


y 

fc 2 


o. 
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The parametric representation for the conjugate hyper- 
bola is x=a tan 0, y — b sec 0. 


10*64 Conjugate Diameters. Two diameters are said to 
be conjugate when each bisects chords parallel to the other or 
when one is parellel to the tangents at the ends of the other. 


.Let a diameter PCP' of the hj^perbola 

- y ~ =1 
a 2 b 2 



meet the curve in points, P, P . Let P be the point (a sec 0, 
b tan 0). 


The equation of the tangent at P is 

— sec 0 — 7^ tan 0 = 1. 
a b 

The parallel line through the centre is 



x 2 y 2 

This line meets the curve -~ 2 


* * * 



w 2 

Where = ~ se ° 2 e 

which does not give real values for y so that the diameter 
conjugate to PCP' does not meet the curve in real points. 

But the line ( 2 ) meets the conjugate hyperbola in real 

points where 

y= jzb f sec 0, x=^d tan 0. 

We speak of PCP'. DC D' as conjugate diameters, although 
P. P' are points on hyperbola ( 1 ) and D, D' are points on the 

conjugate hyperbola. 

10 ' 65 - Prove CP 2 — CD 2 =a 2 — b- 

Now CP 2 =fl- sec 2 9 + b • tan* 6 
CD s =a 2 tan 2 9 +b z sec 2 9 ’ 

CP2_CD 2 — a 2 — b z , 

m a 1 
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10*6.6 The rectangular hyperbola. 

of a h} T perbola are at right angles, it is 

hyperbola. 


When the asymptotes 
called a rectangular 


The lines 




are at right angles if 



or if a~b. 

Hence the equation of a rectangular hyperbola is 
x 2 — y 2 =a 2 . 

and its a^mptotes are x - y= 0 and y = 0. 

Example 1. Show that the eccentricity of a rectangular 
hyperbola is 2. 

The equation of the rectangular hyperbola is x 2 — y 2 = 1 
a~b . 

Now 6 2 =a 2 (e 2 — I) 

/. 1— e 2 — 1 or e 2 — 2. 

Example 2. Find the equation to the hyperbola whose eccen- 
tricity is J, whose focus is (a. 0) and directrix is 4x — 3y — a = 0. 


Now, SP = ePM. 

If ( x , y) is any point on the hyperbola 


\/ (x— a) 2 -\-y 2 


5 

4 


/4a; — 3 u—a 

(~5 


* • 


(x—cif+y 2 


(4x —3 y—a) 


16 


or ly 2 + 24 ay ~ 24ax ~ 6ay + 1 5a 2 = 0 
* 

Example 3. Prove that the points 
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X‘ 

a 


y 


1 for all values of i . 


and show that the equation of the chord joining two pomes 
on the hyperbola whose parameters are t L and t 2 is 


x 


(I+M2) "h ? (I — M2) — 


a b 

and deduce the equatio7i of the tangent at t lt 


Sol. 


[t 0+ < )J [1 ( ,+ i )] 

a 2 b 2 


[(<+ 


IN' 


1 \ 2 

7 


— ( t 


1 \2 


t 


xn 

j] 


the point lies on the hyperbola. 
The equation of the chord is 


[y- 


b 

2 


/ 1 \*| _ 2 ^ 2 
( ,i)] 


1 

h 

■kH 

1 

/o 





f 


1 


] 


[ a H ^( <i+ i)] 


or 


x 

a 


V 

b 


(1 +Ma)+ (I-M2HMH2 


Hence the equation of the tangent at the point i~ x 




Example 4. Find the locus of the poles of Formal 
of the hyperbola 


chords 


x- ?/ 2 _ =1 

O * 10 

a* b- 


If XiUi be the P°^ e tbe varia ^ e noma ^ 

ax sin (f> J rby = (a^-\-b“) tan <f> 


xx x 

it must be the as - 2 

U 


VV\ 

6 '- 


1 


...( 1 ) 

...( 2 ) 
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i 


•Comparing (1) and (2) 


a 


x 


sin (j> 


b* 


y 


Eliminating ^ sin <f>- 

cos <f> 


(a 2 +b 2 ) tan 0 

~b 2 x x 

a *yi 

(a 2 +b 2 )x x 


a 



or a 6 y 2 —b G x z ==(a 2 +b 2 )~x z y 2 as the required locus. 


Exercises X (E) 


1. Prove that the lx-\-my=n touches the rectangular 
hyperbola xy=e 2 if n 3 =4Zmc 2 . 

2. Show that tangents to a rectangular hyperbola at the 
extremities of its latera recta pass through the vertices of the 
conjugate hyperbola. 

3. If the polars of (x v y{) 9 ( x 2 , y 2 ) with respect to 

o*2 4/2 . . XiXq i a 

— — =1 are at right angles, then — -- +^4 — Q- 

a 2 b 2 2 /i 2/2 0 

4; The poles with respect to y 2 —4:ax=0 of tangents to 
x 2 +y 2 — a 2 —0 are on the hyperbola 4x 2 — y 2 = 4a 2 . 

5. Find the equation of an hyperbola when referred to its 
asymptotes as axes of co-ordinates. 

6. If the normal at four points on a hyperbola meet in a 
point, prove that the sum of the eccentric angles of their feet is 
equal to an odd multiple of tt. 

7. Find the equation to the hyperbola whose asymptotes 
are given by x+2y+3=0 and 3s-t-4y+5=0 and which pass 
through the point (1, —1). 

/ 

Sol. The hyperbola is given by 

(x + 2y + 3) (3x + 4y+ 5) =c 

where c is determined by the fact that the point (1, — 1) lies 
on the hyperbola. 


ANSWERS 


Exercises I (B) (Page 4) 


1* (0 5. 


(*») ^13 

( v ) ,y/a 2 +c 2 +2?; 2 — 


(Hi) V37 (»») \/2(a 2 +i 2 ). 

— 2 ah. ' ( vi ) a A /2*/l—cos(a— j3j~ 

Exercises I (C) (Page 10) 


!• (0 (3, 4). (ii) ( — 3 , 0). (Hi) (a, c). 

2. (i) ^f s , 75l, («) (-x 1 -y 1 ). 


(Hi) (-5, 3), (1, — 3)(7, 5). 

i'll 16 \ .... / 9 


3. CO 


V. 5 


")• 


<«> ( -3 )■ 


(in) 




(»») ( 11 , - 12 ). » 


25 


6 


33 

6 


)■ 


. (i) (7 : -7). (6) (5 : 1). (1 : 6). 

5 . (-5, D- 6. ( — 25, — 174); ( — 15 , — 15 ), ( — 5, -12J). 


7 . (i) (2, -1). (if) (2, 3). 



10 i\ 

') 3 > 3 / 


8 / 1 S O 9 1 5 \ 
• V 7 7 » 7 7 / 



V 1 2o — 2*J 20 + 3,^/ 45 
20 “I - 45 + \/ 1 2 a 


— 2 V 1 25+ V 20(4) - 6 ^45 
125 + ^/20 + ^45 

Exercises I (D) (Page 17) 

1. (i) (+8). (ii) (20). (iii) (40). (if) (¥)• («>) (2). 

(fi) « 2 [i x 2 i 2 - tJ 2 - + i a 2 i 3 - < 3 2 < 2 + M 3 2 [• 
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Exercises II (Page 17) 


1. x 2 +y 2 — 6a; -4t/— 12=0. 2. (i) y= 2x (it) 
3. a; 2 — 4a; — 6f/+13=0. 4. 4a; 2 -|- 4t/ 2 3a; - 

5. (i) x 2 -\-y 2 — &y - 2x-t-i—0. (ti) 12a; - 7=0. 

6 . ( 2 , 1 ); (^ 5 . 6 ) ; (- 2 , - 1 ). 11 . 0 . 

12. (±3, 0) ; (0, ±3). 


3;/=4a;. 

27t/+36 


= 0 


Exercises III (A) (Page 20) 


3. (t) — 7 ; ; 


-2 

ir* 





- 7 - 4 • 


3 > 


5. 


7 ^ * 

» } 6 J 


- 8 ‘ 

11 


-1 -6 
2 5 ~7 


9 



1- (i) y= 7. in 

3. (i) ?/4-a;--=4. 

4 . (?) 6a:— 5?/ — 30 

5 . c~ 6f. 


Exercises III (B) (Page 24) 

=0. 2. y=7, 2 /= 1 1 and 

(ii) ?/ + \/3x + 6 = 0* (in*) ?/= 

(ii) x-j-V — 15. (in) x- 

6. ir+2v- 12=0. 


?/— 16. 
1 * 

•0= 4. 


1. (i) 2/=|a;+t. 


Exercises III (C) (Page 29) 

(ii) ?/= 

b 


(in) y=— x cot a+p cosec a. ( iv ) y= — ~-x -\-b. 


x 


2. (t) -^+ 


y 


-8 6 


1. 




f t i x-j- — 



1. 


(tit) 


x 


y 


+-^=i 
c c 


m 


3. (t)-|x+ 4-«/=l 


(iv) 


x 


V 


r • • % 

(tt) 


— + — 
p sec a p cosec « 


1 V3 

*- -s-y 


«> • 


(tii) 


m 


X4 


y 


r ^ ~ 12 , 5 

< *" ) U-*+ is" y 


9 


v/l+m 2 A / 1 +”» 2 -v/l+m 2 


13 ’ 


5 


o . 
O . 


o 


6 . 3:4, 
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Exercises III (D) (Page 34) 

1. y-\-x~ 0. 2. iOx-f ly — 11=0. 3. 4a; — 5«/~ 13=0. 

4» 2x — y{^\~ f~ t^) 4 == 0. 



- 6-r<f> . 

5. x cos — 2 — +2/ sin 


0 — <f> 

a cos — — - 

2 


c a: 6+<f> r y . 0 + </> 0—0 

6 . - cos rt - r + -p~ sin -• 0 - = cos — 

a 2 0 z 2 

7. 7x+y— 11=0, x+32/47^0, 3x-y+l=0. 


10. 

1 : 1. 

11. ( 6 , 

8 ). 

12. 

1 1 
4 ) 3 » 

14. 

£+*/=5. 



15. 

* +• 

a 

16. 

4x--3?/=C 

>, -g + 

JL= i 

8 

17. - 

-3V2. 


y 


2 . 


/ 


Exercise IV (A) (Page 40 ) 


1. (i) 60° (*») 45° (Hi) («-/?) 

2 . tan- 1 2 * 4 5 — -TTiu' 

aa -j-bo 


4. (t) 3a;— 4?/ 6—0 («) x+y-2=0 

(in) a(x— x 1 )+6(j/-i/ 1 )=0 

5 . (i) 12.r— 5y=0 

(«) B(x— a^) — A(y - yv=0 


6. xx' — yy 


7 


8 


x 


.'2 


y 


'2 


(i) mx—ly-\-lk—mk = 0 


a: 


. 37 /— 4=0. 9. x+2y-9=0 ; 3x— 5y+8=0 ; 

6iC+2/ _19 = 0 10. (i) 3x+y- 17=0; x-3t/+ll=0 


1 — m tan oc 


1 —j“ Yft tan ® 
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Exercises IV (B) (Page 46) 

ab ab 


1. (i) 1, 2 (ii) (3, 5) ( ii ) 


a-j-6’ a+b 


2. (i) 36 •( ii ) c 2 3. ( i ) 4x+5y=0 


(ii) 64x~23y=59 (in) 6x+l3y 

^x+by+c = a'.r+&'y+c' 

^ a^ / +6?/ , + c aV+fi'j/'+c' 

(t?) 62a:+93?/~ 165=0 


25 


4. 3x— 2y — 7 = 0 ; 



r_ n 

V 13 13 / 


— 2=0 ; x—Ay— 3=0, 


6. H m x (c 2 — c 3 ^ = 0 


7. a=5 


Exercises IV (C) (Page 51) 


1. (i) 1 (it) 3 (tit) 


6 2 


a 


\/ fc 2 +a 2 


<*) 


a 3 + 


Va 2 + 6 2 


(t 1 ) ^/h 2 -\-k 2 


3* (i) 1& (ii) (Isi iV) 


Eti) 4x+3y=25 



4. ( 


6 > 5 


5. 


5 


. (X 7 \ • 2 

j \5*5 /j S • 

5 5 


V 2 ’ ^13 V 13 

(tit) (it) 


6. (i) 


24 





f_ 

o 




Va 2 +6 


V 1-j-m 2 


26 


»• 


26 
7 


M 


24 


24^ 


7 / 


8* 3ic~|- 10= 0 


and Zx-\-Ay— 30=0 9. (2, —3) 


10 


14 

Vl3 


28 


28 


V 10 


^34 
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Exercises IV (D) (Page 55) 

1. (3,-4) lies on the same side as origin ; (4, 2) on the 

opposite side. 

4 . (i) 3.r — llj/=0 and 99.r-f 27^ -130=0 

(ii) .rlcosa^ncos j8 )-(-?/ (sin a i sin /?) — (Pilrp , ) = 0 

5. (i) 14a*-j-S?y — 271=0 (ii) x-3?/-5=0 

(Hi) x+y=0 6. ( i ) 7.r-56y+228=0 

(ii) ll.r — 3;/+ 1 = 0 (iii) 209.r+437?/-217 = 0 

7 . ( 0 , 1 ) 


Revision Exercises I. (Page 56) 


6. 

(2, -1). 

8. 

3?/ 2 — x 2 =0. 

9. 2x—y 

— 9 

M f 

10. 

(0, 0), (?f, 

1 6 \ 
1 7 )• 

1 

13. 2. 


18. 

■T ?/+l— 0, 

lx- 

4?y+l — 0, 8x- 

— 5//— 1 — - 0 . 

0. 

19. 

45°. 

20. 

4.r— y — o- 

0, .x + 4// — 14“ 

21. 

£) 9 9 

22. 

.T + 7//H- (6n 

: 5V2)=0. / 


23. 

7.r— 2fiw — 33— 0. 


24. c 2 v 
. ¥ 


27. 

•t+i/=4. 

28. 

x(x— h)-\-y(y— fc)=0. > 

-4). 

29. 

/SO 25\ 

l 1 05 8 / * 



30. (-4, 



Exercise V (A) 

(Page 64) 


1. 

(») .t 2 +Z/ 2 - 

6.i*+4//— 3=0 (it) 

4x* : +4t/ 2 — Sax- 

-8ay+ 7a 2 =0 


/ * * * \ o i <y 

(in) x“-\-y £ 

■6,r , 

10;/ — 19 = 0 



2. 

(i) (0, 0), 7 


(«) (4, 3), 7 

(iii) (3, - 

-4), 4 


(*») ( ~o ' 

6 v 

^’er + ft 2 

9 

(») (-1, 0) ; 0 



(it) (o, 1) > 

/ i -3 
V o l 

(vii) 

( - 2 4 V 2 

1 5 1 5 / ’ 



..... ( 3a 3a \ . 7 a 
(viu) (^- 2 ~. -jJ > ^ 

3- x*+!/ 2 — 4x— 6//-f4=0. 

4. x 2 -}-// 2 — 8x — 10y+l=0. 

6. (i) x-+tf-4-r-Gy— 3=0. 
(ii) x*+y 2 — 8x— lOy — 8 = 0. 

7 . ( 10 , 7 ) 


5. x 2 4 y 2 — 4x — 6y— 87— 0. 
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9 . x 2 -\-y 2 —ax- by=() ; 


+ « 2 +6 2 


$}. (i) 3a: 2 +3y 2 — 5a: — 5?/= 0 

(n) a; 2 +?/ 2 +4a:— 3^/=0 
(iii) x 2 -\-y 2 — 13a: — 13//+52— 0 
(it?) a: 2 + 2 / 2 — 4a: — 4 t/+7 = 0 

(v) x 2 -\-y 2 -\-x—by — 2=0 

(vi) a; 2 +y 2 — 13a: — 52/+16-— 0. 

a b 
’ "o 

*Lt Li 

10. 5x 2j r 5y 2 — 8x+4y— 5— 0 

11 (i) x 2 +y 2 —5x- 1-3?/— 22=0 

(ii) * 2 +2/ 2 -10a:+I5 = 0 

(in) a; 2 + j/ 2 +a (sin 0 — cos 0)a; 

— b (sin0+cos 0) y— [a 2 — b 2 ) sin 0 cos 0=0. 

12. (i) # ? +2/ 2 — 6a:— 2*/+5 = 0 

(ii) x *+y 2 -4x-2y-o=0 

(iii) a(x 2 +y 2 )~(cL 2 — b 2 )x’-b 2 a — 0 


13. 

14. 


15. 

16. 


(x— 2) 2 +(?/+ 1 ) 2 = 16 and (x — 6) 2 +(y— 3) 2 =16. 

(i) x 2 +y 2 ~l0x~l0y + 25=0 

(ii) x 2 -\-y 2 —2ax — 2ay+a 2 =0 

(Hi) o 2 +y z + 2(5 ++l~2(a:+2/) +37+10+12=0 
(ir) a: 2 +y 2 — 6a;+4y + 9=0 

# 2 + 2/ 2 “3a:+7?/ + 2=0 and x 2 -\-y 2 — 3a:+y + 2=0 


17. a: 2 +j/ 2 ~ 13.r+ 


13 + 12+5 


y+ 36 + 0. 


Exercises V (B) (Page 72) 

1. 2rr + 3 t/= 13 ; 3x—2y = 0 2. 3a:+47/=26 ; 4a: — 3y~ 18 = 0. 

3. 3a: + 7t/ = 93 and 3a: — 7^=64 
Normal 7x — 30=43 and 7a:+3y=55. 

4. 5a:+12y+39=0. 5. 4a;+ 3y±5 v /85=0. 

7. 5a:+12?/— 32=0 and 5a:- 12^-152=0. 

8. No. 9. a cos 2 a +6 sin 2 a + + a 2 +& 2 sin 2 a 

10. (i) 3a:— 4?/=0 ; 3a:— 4«/+10=0 
(ii) 4z+3j/=15 ; 4rc+3y=5. 
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1 . (± 


>/13 


Exercises V (C) (Page 11) 


( 


3.( 


12 


16^ 


l 


4 

6 

7 


1 7 > . _ 6 

5 ’ 5 J \J 5 ~~\ 5 y 

(mh—k+c) 2 =a z (1-j-wi 2 ) 5. 2 .r + «/ dr 10^/5 

=0. 


=0 


x 



O I *> o 

__ I n u VV) u 




2; ( 


— a 2 l — a 2 


a^m 


n 


n 


g. p = L a \ (P cosa:, p sin a) 9. 


45 


10 . (i) g— ±Jc 


13. 

15. 


(ii) f=- LV C - 
(- 1 ,- 1 ) 14 


12. y 

y=±5, y 



7l! \/ 3# 4- 10. 


4x 2 -*-4?/ 2 — 4cx±4c)/+c 2 =0. 


Exercises V (D) (Page 82) 


1 

2 


(i) 3x±4?/ + 15=0 
3r—2?/ -13=0. 

(ii) if-cr=k z (x 2 -a 2 ) 

Exercises V (E) (Page 86) 


(ii) .r=4 ; 3a- - 4?/4-S=0. 

3 . (i) 2 xy—k l (x 2 — a 1 ) 

(iii) 1'. (y 2 —a 2 ) = 2 xy. 


1. (i) 2x—5y+ 10=0 


2 . (i) (2, 1 ) 

3 . y 9 --{-2ax-\-a 2 =0 


(ii) 2x — ly — 9—0. 

a 2 cosa a 2 sina 

V * P 


(ii) 


) 


Exercises VI (A) (Page 92) 


1 . 

3. 

7. 



I (a -br- 


ie 


2. x 2 -\-y“- J— 4a: — 7?/-j-5 — 0 


— * o 


5(ar- + y 2 ) +36#— 1 i 6y — 140— 0. 

-8 !_ 1.3 x — 2ii—0 ; a -2 +M 2 + 4a:— 2y+4— 0. 


x-n-y 


1. 3 

4. x 2 f-w 2 +7x-9i/-C=0. 


Exercises VI (B) (Page 97) 
3. # 2 + 2/ 2 + 6 a: — 3</=0. 


5 


X 



rl=0 
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6 . 

7. 

8 . 


(i) 26x— 23?/— 292=0 (ii) x—y = 0 
(i) (2, 1) (ii) radical centre is 
* 2 4 v 2 4 2 a; 42 ?/ -j- 1=0. 


(Hi) 5x—3y+5=0, 



Revision Exercises II (Page 98) 


1 


u . r 


b{x~-\-y 2 )~ (b 2 — o?)y — a z b~ 0 „ 
Imf — w 2 g 4 - 1 iww 7 — /“ y ’4" w? 




7. (x4|) 2 4(?/+f) 2 =8. 8. Circle. 

18- 24 or -56. 19. ( — 1, 1) 

21. The vertices of the triangle are (1, 1), ( — 2, 

Exercises VII (A) (Page 103) 


3. 


5 


10 


20 . 


1. 

3. 



>( 1 . 1 ). 


2 . (i) *. (»») ] 


3. (0, 0) ; (4a, 4a). 4. ±2a, 


Exercises VII (B) (Page 105) 

2. 2x+y = 0 ; (8, —2) ; l\/o ; x— 2y+5 = 0 

4 . (a) (—1,2); (0,2); ?y=2, x 42 = 0 . 

(P) (1, —1) ; (1, 2), x~l ; t/+4 = 0. 

Exercises VII (C) (Page 119) 


1. (i) (a, 2a) - 3 -]. (ii) (3, 2), [ ; 


1 

3 


-2 
3 


] 


(in) (—3, — 3). ’ 2. 4^2.. 

(a) y— x=a, x+y+a = 0 ; x4?/ = 3a ( x—y=Za. 

(b) 3x — 4y + 12=0 ; 4.r+3//— 34=0 

(c) £—4?/ -)-24=0 ; 4x4?/ — 108 =0. 4. 64x416y47 

a - 44:.y420=0 ; (20, — 10). 6. (•> — 3). 7. (i) x — «43 
(ii) 3x— ?/ v /34a=0. 


0 

0 


2 2 


{ a(fi+t ? ) } . 13. (?) a 3 #^6 :V ?/4-a 3 6 a =0 : 

(n) £=0. 17. (a) 4#-f 3y+l==0 ; 

(c) y 2 =a(x—a ). 18. |/ 2 =2a(a:— a). 

?/ 2 — ky = 2 a (a; — 7i) , 



a ;=0 ; 

19 y2=2ax. 


Exercises VII (D) (Page 130) 

(b) z+4?/-j-6 = 0, x— %+24=0. 

(a) y—bx. (6) x=ajc. 4 . y=ad. 5 . y 


(x— a) tan 2d % 
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g. yt =gx 2+2ax. 7. (i) y 2 —4ax=(x-\-a ). 

( U ) f— 3x 2 — 10a.r— 3a 2 =0. 

8. (a) Only one real normal x+y = 3a. 

(5) x-\j— 3a=0 (coincident) 2x+y = 12a, 

9. yi—a{x—‘ia). 10. y 2 =±ax. 11. y={x—a ) tan ft. 

Exercises VII (E) (Page 134) 

1. 3 x -2/+6=0. 3- (*) (-i -f). (**) (3a, 4a). 

6. (i, -) ; ( 4 > 4 )- 

Exercises VII (F) (Page 136) 



B 2 — A 2 — C 

Latus rectum is x — 2 A > 


vertex is 


f B 2 — C 

L 2A 



4 


[a(i 2 -W 1 f 2 +/ 2 I ) + 2a2 > — at Mh+k)]- 

Exercises VIII (A) (Page 145) 


1 


o 

xr 


y 2 __ 


(i)^5+-^- = 1 - (ii) 


£ 


.2 


9 


16 


+ 


t =i. 


# * « k 
(***) 


(v) 


x 

50 


y 


i.2 


25 


x- y 

1. (if) 256 + ‘ 


1. 


..2 


81 + '2 


x 2 9y 

1. (w) -f + V 


1 


_2/J_ 

(»»0 “225' + 144 


1. 


2 - (0 



(«'*) 



(in) 


1 


a/ 


4. 


(»') V 5 ’ '*• (°> 10^’ 


i 

1 - . • •» IS. 2^ 

V 3 > O 



(i®V§> 0) 


/ ^ 

v» 

3 


5 


.i/i) C, (±n/". 0), (ic) » 

/ tM v eccentricity 3 ^/-j ( 9 

r 1 

(a) 4,2. (&> l± 




a / 6 


0 


a/2 


']■ t.Te'* 3 


] 


L ,/r 3 J 
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7 


Centre is (0, 3), S', (-1, 4) ; equation to the 

,11 n A 4-r^ fKo oil -map. fir 2 4- r>1J £ =4o . 


directrix is 


10, Ze r o 


13. 


7T 


+11 

=u 

* 7 T 

, 7 T 

2 

3 

if a 2 : 

=6 

r°. 


L 2 

1 


3 7T 

T* 


11. 60°. 12. 


7 T 57T 

4 _J T 
6 


[ a on 

s/2’ \/2j 


1. 

4. 


V3& I 

2 J 

Exercises VIII (B) (Page 156) 

(a) 4. ( b ) y2. 2. (I,!)- 3. 

4a;+32/=s/l- 5. y=±x£\,'a 2 -\-b*- 


6. 4a:+2s/32/=8y3, 2^/3*— 4jM-2=0. 


16. 


19. 


£ + 4 = 1 . 17. 3s+4</=7. 

8 I 


O 


6 2 


18 


a 2 \P 

x 1 y 2 


4. 


a; 


+ 


y 


■ ,2 =*• 20 - (aHW^+aV) 

x\l+e 2 ) 2 o 2 


a 2 6 2 =0 


(b*x 2 -\-a*y 2 ). 


x 2 y 2 


21* ( a ) rr + 


a 1 


b 2 


x 

a 


0 . (b) b 2 x(x—h+a 2 y)(y—Jc)=0. 


1. 

4. 

6 . 

7. 

8 . 


Exercises VIII (C) (Page 165) 

5y=4x4-25, 4ty=x+l3. 2. 3, 5 y 

x 2 — 2xy cot 2a~y 2 =a 2 — b 2 . 5. cx 2 ~2xy = 

d 2 ix x — a 2 ) 2 =£{b 2 x 2 + oPy 2 — <^b 2 ) * 
h(x 2 — a 2 ) 2 — 2 ( x 2 y 2 + b z x 2 + a 2 y 2 — a 2 6 2 ) . 
gy 2 —2xy—gb 2 . 

Exercises VIII (D) (Page 167) 


X “j“9» 


ca 2 . 


1 . (i) 4rr+32/ = l- (ii) 16y— 9x=5. 

r— 9 12 1 

2 . (i) (i §). («) L 20 * -5 J 

« 5S , ^2-7 

a 2 *T 6 2 
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Revision Exercises No* IV (Page 171) 

1. (i) x 2 /36+2/ 2 /16 = L (ii) x 2 /36+j/ 2 /18 = l. 

(Hi) x 2 +4?/ 2 =L . 

2. (a) (i) x 2 (l — e 2 cos 2 a)+ 2 / 2 (l — e 2 sin 2 a) — 2e 2 cos « sin a. x 
2 pe 2 sin a. y~a 2 e 2 = 0. 

(ii) lx 2 -\-ly 2 -^2xy-\~10x — 10y+7=0. 

(6) x+y= 0 ; ( — t, f). 

3. (i) e=2*/2/3 ; foci (±6^2, 0) ; directrices ; x=±27l*/2; 

L. R.— 2. Equations of L. R. x=±6\/2. 

(ii) e = \/15/4 ; foci (0 + 5^15/4), directrices : y=±20j^l5 ; 

L. R. = 5/8, Equations of L, R. y— i5^/15|4. 

(iii) e = 7/4 ; foci (0, ± v /7) ; directrices : y— ±16/\/5- 

L. R. = |. Equations of L. R. 


8. Tangent ; Normal : xaq 1 ae*/-(-e{6 2 — a 2 )=0. 

Tangent : ex^y-^a^ 0, Normal : ax-j^aiy^b 2 — ?, a)e=0. 

9. 64x+ 27\/37/=28S1. 10. x 2 +7/ 2 =a 2 +6 2 . 


12. (t) 


14 


r _^ a 2 ±& 2 -| 

r ±a 2 ±6* 1 

I — ■■ , 1, (2( 

L a/ T b z v u 2 T 6 2 J 

1 Lv'° 2 + &2 ’ ^« 2 + fc2 J 


. ©! + 02 

sm-—- 

a 2 ~b z 2 

COS 01 COS 0O ^ V5“ 

a 02 

sin ~ — 


a 2 — 6 2 



sin 0i sin 0 2 




17. bx—ay cot «. 

22. (i)ai%=V« 4 +^H!> 4 , (») 2/=^+VaM^. 

Exercises X (A) (Page 182) 

1. 65x 2 - 36 j/ 2 = 44 1 . 2. x 2 — )/ 2 =8. 3. 4x 2 — j/ 2 =4. 


I 


ANSWERS 


4 . 6 ; 4 ; (±\/13, 0) ; W ; 2f. 



Exercise X (B) (Page 186) 

1 . Tangents 2x — y-=i and 2x + y+4=Q 
Normals x-\-2 y — 7 = 0 and x — 22/+ 7=0. 

2 . ( 4 , 2) ; ( — 4 , — 2 ) ; 4 J5. 3 . y=Zx±s/ * 

4* 3y+4*±l =0. 



* 






<> 


a 


day if ^l* D 7b ev ° e / t ^ w under rules for each 

ts ke P f be yond the date stamed above. 


* 




